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Abstract

Many swarm optimization algorithms have been introduced since the early
60’s, evolutionary programming (AP) to the most recent, whale optimization
algorithm (WOA). All of these algorithms have proved their potential to solve
many optimization problems. The aim of this work, is to enhance or introduce
nature-based optimization algorithms. Thus, in this thesis, two novel swarm
intelligent algorithms are proposed, single-objective fitness dependent
optimizer (SOFDO) and multi-objective fitness dependent optimizer
(MOFDO). The bee swarming reproductive process and their collective
decision-making have inspired these two algorithms; they have no algorithmic
connection with the honey bee algorithm or the artificial bee colony algorithm.
It is worth mentioning that both SOFDO and MOFDO are considered a particle
swarm optimization (PSO)-based algorithm, that they update the search agents'
position by adding velocity (pace). However, they calculate velocity differently;
they use the problem fitness function value to produce certain weights, and these
weights guide the search agents during both the explorations and exploitations
phases. Moreover, MOFDO is well-thought as a cultural algorithm, therefore,
all five types of knowledge (situational, normative, topographical, domain, and
historical knowledge) are considered during the implementation. Throughout
this work, both SOFDO and MOFDO algorithms are presented, and the

motivation behind the idea is explained.

For the performance-proof purpose, the first algorithm SOFDO is tested on
a group of 19 classical benchmark test functions, and the results are compared
with three well-known algorithms: PSO, the genetic algorithm (GA), and the
dragonfly algorithm (DA), additionally, SOFDO is tested on IEEE Congress of
Evolutionary Computation benchmark test functions (CEC-C06, 2019



Competition) [1]. The results are compared with three modern algorithms:
(DA), the WOA, and the salp swarm algorithm (SSA). The SOFDO results
show better performance in most cases and comparative results in other cases.
Furthermore, the results are statistically tested with the Wilcoxon rank-sum test
to show the significance of the results. Likewise, SOFDO stability in both the
exploration and exploitation phases is verified and performance-proofed using
different standard measurements. Finally, SOFDO is applied to real-world
applications as evidence of its feasibility, for instances, aperiodic antenna array

designs, and frequency-modulated sound waves.

The Second algorithm MOFDO is tested on two standard benchmarks:
classical ZDT test functions and CEC 2019 multimodal multi-objective test
functions. MOFDO results are compared to the latest variant of multi-objective
particle swarm optimization (MOPSO), non-dominated sorting genetic
algorithm third improvement (NSGA-III), and multi-objective dragonfly
algorithm (MODA). The overall comparison shows the superiority of MOFDO
in the majority of the cases and comparative results in other cases. Moreover,
MOFDO is used for optimizing real-world engineering problems (e.g. welded
beam design problem); the proposed algorithm successfully tackles the problem
and provides a wide variety of well-distributed feasible solutions, which enable

the decision-makers to have more applicable-comfort choices to consider.
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Chapter One Introduction

Chapter One

1. Introduction

From the time when computers were invented, searching for the unknown
and looking for the best solution were points of focus. As early as 1945, Alan
Turing used a type of search algorithm for breaking German Enigma ciphers
during World War Il [1]. To date, hundreds of types of algorithms have been
developed for various purposes, including optimization problems.
Optimization algorithms are used to find suitable solutions for a problem. There
might be many different solutions for a single problem, but the optimum
solution is preferable. Usually, optimization problems are nonlinear with a
complex landscape. Generally, optimization algorithms can be classified into
traditional and evolutionary algorithms. Traditional algorithms include
gradient-based algorithms and quadratic programming. Evolutionary
algorithms include heuristic or metaheuristic algorithms and many hybrid

techniques.

1.1. Traditional Algorithms

Traditional algorithms are efficient in their work; however, several facts can
be discussed about them. They are mostly deterministic; for example, a given
input will always obtain the same output (except the hill-climbing algorithm
when using random restart). Moreover, they perform local searches, which is
why there is no guarantee that global optimality will be reached for most of the
optimization problems. Consequently, they have limited diversity in the
obtained solutions. Additionally, they use some information about the
problems, and therefore, they tend to be problem-specific. Furthermore, these
traditional algorithms cannot effectively solve multimodal problems because

they do not work on highly nonlinear problems.
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1.2. Evolutionary Algorithms

Evolutionary algorithms could be the correct answer to previous limitations
as they have stochastic behaviors. They come in two forms: heuristic and meta-
heuristic algorithms. Heuristic algorithms search for a solution by trial and
error; they hope that a quality solution will be found in a reasonable amount of
time. Similarly, they tend to use specific randomization mechanisms and local
searches in various ways. More studies and developments have been conducted
on heuristic algorithms to make what is known as metaheuristic algorithms.
Metaheuristic algorithms have better performance than heuristics algorithms,
which is why the “meta” prefix was added, which means “higher” or “beyond”.
However, researchers currently use these two terms (heuristic and

metaheuristic) interchangeably, as there is little difference in their definitions
[2] [3] [4]
1.3.Problem Statement

The complexity of real-world problems that exist around us makes it
impossible to search every possible solution simply because of time, space, and
cost considerations. As a result, low cost, fast, and more intelligent mechanisms
are required. Therefore, researchers have studied the behaviors of animals and
natural phenomena to understand how they solve their problems. For example,
how ants find their path, how a group of fish, birds or flies avoid the enemy or
hunt their prey, and how gravity works. Thus, these algorithms, which are

inspired by nature, are known as nature-inspired algorithms.

Regarding problem complexity, there are three major types of’ optimization
problems, single-objective optimization problems (SOPs), multi-objective
optimization problems (MOPs) and many-objective optimization problems
(MOOPs).
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1.3.1. Single-Objective Optimization Problems

SOPs are usually simple and has only one objective to be discovered by the
evolutionary algorithm. The goal of SOPs is to discover the best solution for a
specific criterion or metric, such as execution time or performance and/or a
combination of this metric with energy consumption or power dissipation
metrics. We can further combine multiple criteria into a single-objective
optimization problem by defining the single-objective cost function as a

weighted sum of the normalized costs associated with each of the metrics

1.3.2. Multi-Objectives and Many-Objective Optimization Problems
MOPs are more complex because they have more than one objective, usually
two or three. Additionally, MOOPs is an optimization problem with four or

more objective, which is considered to be even more complex than MOPs.
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Figure 1.1 Wooden boat example [75]
Having said that, MOPs are problems with more than one objective, and

usually, these objectives are in conflict, meaning that increasing the value of
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one objective results in decreasing another objective value. However, MOPs
with none conflicting objectives can be easily solved by using single-objective
optimization, which means running single-objective techniques for each
objective separately, then aggregate the results. An example of MOPs with
none conflicting objectives is a wooden boat optimization problem as shown in
Figure (1.1), in this example, there are both boat area and floating force
objectives (buoyancy), by maximizing the area of the boat the floating force
also increases and vice versa. However, there is another objective called
resistance (resistance of wooden plats), the resistance of wood plates decreases
by increasing the boat area, so that, the area and resistance are two objectives
in conflict, maximizing one of them results in minimizing the other. The answer

to such kind of problem is Pareto optimal solutions set.

1.4.Work Motivations

Various research has been conducted in the field of nature-inspired
metaheuristic algorithms; additionally, many efficient algorithms have been
proposed in the literature. Alternatively, there is always room for new
algorithms, as long as the proposed algorithm provides better or comparative
performances, as explained by David H. Wolpert and William G. Macready in
their work titled “No Free Lunch Theorems for Optimization” in 1997. Thus,
there is no single global algorithm that can provide the optimum solution for
every optimization problem. For example, if algorithm “A” works better than
algorithm “B” on optimization problem X, then there is a high chance that there
is an optimization problem Y that works better on algorithm “B” than on
algorithm “A” [5]. For these reasons, two new algorithms called SOFDO and
MOFDO are proposed in this work. This algorithm is inspired by the swarming
behavior of bees during the reproductive process when they search for new

hives. The proposed algorithms have nothing in common with the ABC


https://wonderopolis.org/wonder/how-do-boats-float
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algorithm (except both algorithms are inspired by bee behavior, and both are

nature-inspired meta-heuristic algorithms).

1.5.Work Contributions

The major contributions of this work are summarized as follows:

1. Two new novel swarm intelligent algorithms are proposed for both
SOPs and MOPs in this work: SOFDO is used for solving SOPs and
real-world applications for instances, aperiodic antenna array designs,
and frequency-modulated sound waves, and MOFDO is used for
tackling MOPs, also used for multi-objective real-world application
such as welded beam design engineering problem.

2. The proposed algorithms are using certain characteristics of the honey
bee swarms. For example, it uses a fitness function for generating
suitable weights that help the algorithm in both exploration and
exploitation phases, as it provides fast convergence towards global
optimality with respect to fair coverage of the search space.

3. One unique feature of SOFDO and MOFDO algorithm is that they
store the past search agent paces (velocity) for potential reuse in future
steps, to the best of our knowledge this feature is unique and not
presented before in the literature.

4. Both proposed SOFDO and MOFDO can be considered a PSO-based
algorithm since the use a similar mechanism for updating agents’
positions; however, our proposed algorithms do it in a very different
way, and it is statistically proven in this work that our proposed
algorithms outperform PSO, DA, GA, WOA, SSA, MOPSO, MODA
and (NSGA-IIl) in many benchmark test functions and has

comparative results on others.
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1.6. Thesis Map

The rest of the thesis is organized as follows:

a)

b)

d)

The related previous works are comprehensively discussed as a review
of background literature in chapter two. Here, the first versions of the
search algorithm are discussed through the history of modern computing,
then afterward, the most state-of-art search algorithms are presented.
Then in chapter three, the proposed algorithms (SOFDO and MOFDO)
are described, the details of the algorithms are presented as a
methodology of this work. The opening of the section explains the
inspiration of SOFDO and MOFDO algorithms from the honey bee.
Afterward, each of SOFDO and MOFDO is mathematically presented,
then each of them is programmatically illustrated using detailed
pseudocode and flow charts.

In chapter four, results and discussions, both algorithms are tested on 19
classical standard benchmarks, 10 CEC-06 2019 modern test function, 5
ZDT multi-objective standard test functions, and 12 multi-modal multi-
objective functions, the results of our algorithms are compared to PSO,
DA, GA, WOA, SSA, MOPSO, MODA and (NSGA-I111) algorithms, the
results are discussed directly afterword in the same section, we
intentionally avoided creating new discussion section for readability
purposes. Finally, both of the proposed algorithms are applied to real-
world applications such as aperiodic antenna array designs, frequency-
modulated sound waves, and welded beam design engineering problems.
Finally, in chapter five, the final notes and further potentials of this work
are revealed as a conclusion. Some of the produced data are located in
the appendix section in the form of the tables due to their long and

complex nature.
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Chapter Two

2. Literature Review

Through this chapter, history and background overview of the related
previous works are comprehensively discussed as a review of the literature.
Firstly, the history of traditional single-objective algorithms is presented, then,
multi-objective algorithms are discussed in detail. Cultural algorithm
phenomena are presented as a basic foundation of this work, also Pareto
solution set optimality is explained briefly, finally, honey bee lifestyle is

reviewed as a source of inspiration of this work.

2.1. Single-Objective Optimization Algorithms

Development in nature-inspired metaheuristic algorithms began in the 1960s
at the University of Michigan. John Holland and his colleagues published their
genetic algorithm (GA) book in 1960 and republished it in 1970 and 1983 [6].
An algorithm that is inspired by the annealing process of metal, known as
simulated annealing (SA), was developed by S. Kirkpatrick, C. D. Gellar, and
M. P. Vecchi, [7]. Nevertheless, in the past two decades, this field has witnessed
many major signs of progress. For instance, particle swarm optimization, which
was proposed by James Kennedy and Russel C. Eberhart, has been used for
many real-world applications [8]. PSO was inspired by the swarm intelligence
of fish and birds while the authors were studying a flock of birds. They found
that they could apply these behaviors to optimization problems; later, PSO
became a base algorithm for other algorithms, including our algorithm. R. Storn
and K. Price developed differential evolution (DE) in 1997. It is a vector-based
algorithm that outperforms GA in many applications [9]. After that, in 2001,
Zong WooGeem et al. developed the harmony search (HS), which was applied
In many optimization problems such as transport modeling and water
distribution [10]. Then, in 2004, C. Tovey and S. Nakrani developed the honey

bee algorithm. They used it for Internet hosting center optimization [11]. This
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was followed by the development of a novel bee algorithm proposed by D. T.
Pham et al. [12], and one year later, D. Karaboga et al. created the artificial bee
colony (ABC) algorithm in 2005. In 2009, Xin-She Yang developed the firefly
algorithm (FA) [13]; and then, the cuckoo search (CS) algorithm was proposed
by the same author [14]. Additionally, Xin-She Yang proposed a bat-inspired
algorithm in 2010 [15]. Then, in 2015, Mirjalili A. S. proposed the dragonfly
algorithm (DA) [16], which is a PSO-based algorithm inspired by the dragonfly
swarm behavior of attraction to food and distraction by the enemy, then the
whale optimization algorithm (WOA) in 2016 [17], and the salp swarm
algorithm (SSA) in 2017 were proposed by the same author [18]. Two new
variants of the ABC are proposed by Laizhong et al, the authors showed that
they managed to enhance the exploitations of the novel ABC algorithm, as it is
well known that the novel ABC has a good exploration ability, however, it
suffers from slow exploitations. In their first work, they employed an adaptive
method for the population size (AMPS) [19]. In the second paper, they
proposed a ranking-based adaptive ABC algorithm (ARABC) [20], the
attention on both works was to improve exploitations ability of the novel ABC.
Nonetheless, two more improvements were suggested on the novel ABC in
2018, firstly, by proposing the distance-fitness-based neighbor search
mechanism (DFnABC), which is a new variant of the ABC [21], and secondly,
by proposing the dual-population framework (DPF), again to enhance ABC
convergence speed [22]. Additionally, in 2018, a new algorithm which inspired
by vapor-liquid equilibrium (VLE) was proposed by Enrique M. Cortés-Toro
and his colleagues, the authors claim that their algorithm can solve highly

nonlinear optimization problems in continuous domains [23].

2.2. Multi-Objective Optimization Algorithms Overview

MOPs are in an area of multiple criteria decision-making, the area is also

known as multi-objective programming, multi-criteria optimization or Pareto
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optimization. Precisely, this area deals with mathematical optimization
problems. Researches on MOPs became widely popular since 2002 [24]. It is
worth mentioning, that various real-world applications are falling under this
area, such as engineering design, energy, economics, logistics, and health
science. Since many real-world problems are MOPs, thus, multi-objective
evolutionary algorithms (MOEAS) are used to solve them. Generally, MOEAS

includes two branches: dominance-based and decomposition-based [25].

The first branch of MOEAs includes a non-dominated sorting genetic
algorithm (NSGA-II), which was improved by [26], multi-objective particle
swarm optimization (MOPSO) [27] , and strength Pareto evolutionary
algorithm 2 (SPEA2) [28]. On the other hand, MOEAs based on decomposition

comes in the second branch [29].

For instance, the NSGA-I1I starts with a randomly generated population, as
per fitness, it uses a fast-nondominated sorting technique to sort the overall
population, and then the children generation is produced by crossover and
mutation. To enhance the level of diversity among the solutions, a special
crowding distance operator is also applied in later improvement by [26].
Moreover, NSGA-I1 was improved to solve many-objective problems (having

four or more objectives) known as NSGA-I111 [30].

Another popular algorithm, which has lower computational complexity than
NSGA-III isa MOPSO [27], which uses an archive grid-based approach to keep
diversity among the solutions. In the last decade, many new MOEAs have been
reported in the literature, such as multi-objective cat swarm optimization [31],
multi-objective CLONAL algorithm, which is inspired by the clonal
selection theory of acquired immunity [32], multi-objective moth flame
optimization [33], multi-objective ant lion optimizer [34], multi-objective grey-
wolf optimization [35], multi-objective dragonfly algorithm [36], and multi-

objective whale algorithm [37]. Having said that, Some MOEAs have been
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used for production scheduling [38], optimal truss design [39], and resource
allocation in cognitive radio networks [40]. Furthermore, some other MOEASs

employed to classify normal and aggressive behavior of 3D human beings [32].

To solve MOPs correctly, two factors need to be considered. Firstly, the
determination of personal and global guides (best solutions). Secondly, it is to
sustain the diversity of the population as much as possible. Regarding the local
and global guide selections, many efforts were made, such as using the adaptive
grid for selecting the global guide and introducing the extra repository to store
the non-dominated particles in MOPSO [27]. In another attempt, the global
guide is selected using crowding distance in crowding distance MOPSO [41].
Moreover, Mostaghim and Teich selected the local guide based on the sigma
method [42], while Pulido and Coello used a clustering technique for the same
purpose [43]. On the other hand, in terms of population diversity, a genetic
operator and special domination principle have been employed to improve the
diversity of the Pareto front. Zitzler proposed the elitism mechanism that
employs crossover and mutation on individuals that have been selected from
the combination of population and repository [44], while Laumanns proposed
€-box dominance to combine diversity and convergence [45]. Tang and then
Yu used a simulated binary crossover (SBX) in their work [46] [47].
Additionally, in Pareto entropy MOPSO, a cell distance-based individual
density is used to select the global guide [48].

2.3. Cultural Algorithm Phenomena

According to [49], a cultural algorithm formed of five types of knowledge:
situational, normative, topographical, domain, and historical knowledge, see
Figure (2.1).

1. Situational knowledge is a set of objects, which are useful for the

experience interpretation of all individuals in a certain population. In other
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words, Situational knowledge guides the individuals to move toward
exemplars (best local or best global guides).

2. Normative knowledge: includes a set of promising ranges of decision
variables. It offers strategies for individual adjustments. More precisely,
it leads individuals to dive into a good range.

3. Topographical knowledge: it splits the completely feasible search
landscape into cells, which each of these cells represents a different spatial
characteristic; also, each cell selects the best individual in its specific
ranges. Keeping the idea simple, the topographical knowledge leads
individuals toward the best cell.

4. Domain knowledge: it records information about the problem domain to
guide the whole search, it is considered useful during the search process.

5. Historical knowledge: it records the key events in the search process by
keeping track of the history of significant individuals. Key events might
be considerable move in the search space, or sometimes it comes in the
form of notable changes in the search landscape. Individuals are using

historical knowledge in order to select a preferable direction.

® o
® ® . ® O Situational
® .. Normative
o Population Indviduals Topographical
O o Domain
‘ ® ‘ Historical
® o

Figure 2.1 Explains how the combination of separated uninformed individuals

and knowledge can form an intelligent cultural algorithm.
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2.4. Pareto Optimal Solutions Set

Mathematically speaking, MOPs can be represented as follows with no loss

of generality:

Minimize:  F(Z) = {fi(R), fo(D), ., fu( D} 2.1)
Subject to:

gdiwy <0, i=12,...,m

hizy =0, i=12..,p

Where: n is a number of objectives, g and h are constraints, m is a number

of inequality constraints and p is a number of equality constraints [50].

Having said that, this type of problems cannot be optimized normally with
traditional single-objective algorithm, not just because of multi-objective
nature, but also because of existence of conflicting objectives in the same
optimization problem, which means, there is no single optimum solution,
instead, there is a set of optimum solutions known as Pareto optimality
solutions set, which represents the best trade-offs between objectives. For
readability purposes, Pareto optimality will be discussed briefly. Pareto

optimality solutions can be explained using the following definitions [51]:

Def. #1: For vectors (solution) a and b in optimization problem K*. Fori =
1,2,..,m, a<b if objectives of vector @ smaller or equal than objectives of

vector b and at least there is @, <b,.

Def. #2: If & < b then: d dominates b, and denoted by @ < b.

Def. #3: Two solutions might not dominate each other if Def. #1 is not applied,
in this case, solutions @ and b are nondominated with respect to each other,

and denoted as @ < b is the set of all nondominated known as Pareto optimal

solution set P;, and defined as Equation (2.2):
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P.:=={a ,b € K|3F(a) > F(b)} (2.2)

Def #4: The set is holding equivalent object values of Pareto optimal solutions

in P, is known as Pareto optimal front P, (see Figure 2.2), and defined as

Equation (2.3):

Pr:={F(a )|a €|P} (2.3)
Pf PS‘
Hypercube 2,2
A o
o
> o" ° least populated area
-'L_)' ®0 o
< - .
o) ) o
o 0! o ‘-(0 o
-E ) @ °h _ao <
S . o ,/ os‘ 0 o
a . i
e o p o
First Objective

Figure 2.2 Shows Pareto solution, Pareto front, and hypercube grids which is

provide helps in selecting global and local guide.

2.5. Honey Bee

Since ancient times, this remarkable social insect has been one of the most
famous creatures on the planet. Honeybees have been the subject of scientific
observations. Likewise, considerable research and many books have been
published about them, for example, “Behavior and the Social Life of
Honeybees” by Ribbands in 1953. Snodgrass wrote “Anatomy of the Honey
Bee in 1956, also “the wisdom of hive” by Thomas D. Seeley was written in
1995, and many other great works. Figure (2.3) shows the anatomy of a bee.
Presenting the colony structure of bees and their biological details are beyond
the scope of this paper. However, the swarming behavior of the bee life cycle

will be discussed shortly since it is related to SOFDO.
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As widely known, bees live and work in groups inside a colony called a hive
(nest site). In brief, there are several types of bees: queen bees, worker bees,
and scout bees. As their names suggest, the queen bee is responsible for making
decisions and producing the next generation of bees. Worker bees work under
the command of queen bees; they also create queen cells throughout the year.
Finally, scout bees explore the environment and exploit the preferable targets,
which is the most important feature of this work. Usually, when the number of
bees in the hive increases and the inside colony conditions and outside weather
conditions are suitable, then the queen lays eggs into the queen cells, and the

bee colony starts the reproductive processes by swarming [52] [53].

Swarming is mostly a late spring phenomenon; it is the process by which a
new honeybee colony is formed. The queen bee leaves the old colony with a
group of worker bees and some scout bees; Figure (2.4) shows the swarming
cycle. A swarm typically consists of thousands to tens of thousands of bees.
They settle 20-30 meters away from the natal hive temporarily for a few hours
to a few days. They may gather in a tree or on a branch where they cluster
around their queen, and then, they send 20 -50 scout bees out to find suitable
new hives, usually after several tries, which might take several hours or up to
three days. Eventually, with the guidance from the scouts, the rest of the bees

flying overhead in the proper direction.

A swarm may fly a kilometer or more to the scouted location. Through direct
observation, it can be said that the scout bee has several criteria for a suitable
hive. For instance, a suitable hive has to be large enough to accommodate the
whole swarm (minimum of 15 liters, preferably 40 liters in volume). It should
have a small entrance (approximately 12.5 cm2), as well as being located at the
lowest point of the hive, and obtain a certain amount of warmth from sunlight
[53], [54].
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Figure. 2.3 Honey bee anatomy [55]

[Cyca bagins]

Daughlar QUEANS o=
an raared

Mother queen  First daughter
daparts wilh queeninharis
Workar population par of tha tha paranial nast
rows back 1o warker farcs
ull drangth {prima swarm)

/
Swarm movas  Colony | First daughter Y
\\\ gk queen dspart  Second daughler

nloanaw
Quaan malas oot st Calony || Wih partol queen inharils ha

{
5 the ramsining  parsntal nast
warkar farca
(allarswarm) /

Colary Il

S'I'l’ﬂ'l'.l'l mas Gl:lhn!lf |]

Figure. 2.4 Bee swarming process cycle [56]
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Chapter Three

3. Methodology

In this chapter, in the first section, the source of inspiration (biological
aspects of the honey bee) of this work is connected to the actual algorithm
structure (algorithm aspects). In the second section, SOFDO is presented,
mathematically explained through a sequence of related equations, and
programmatically is illustrated using pseudocode and flowchart with detailed
descriptions. In section three, MOFDO is presented, again, the algorithm is
mathematically and programmatically presented in details using pseudocode
and flowchart, the algorithms are constructed in a way that other researchers

can easily duplicate our work.

3.1.Inspiration

What inspired us were the scouts’ collective decision-making processes.
When a number of scout bees discover some suitable hives, they will choose
the most suitable hive, and they keep the swarm intact. Typically, scout bees
communicate through moving their legs and wings, which is known as a bee
dance. Usually, a decision will be made when approximately 80% of the scouts
have agreed upon a certain hive location or when there is a quorum of 20-30

scout bees present at a potential hive [53], [54].

Table 3.1 SOFDO-related bee biological entities

Nature Algorithm
Scout bee Search agent
Hive Solution discovered
Hive specification Fitness function
Scout collective decision Fitness Weight
Selected hive Optimum Solution
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Algorithmically speaking, each hive that a scout bee exploit, represents a
possible solution exploited by an artificial search agent, and the best hive
represents the global optimum solution, as shown in Table (3.1). The hive
specifications, such as its volume, entrance size, entrance location, and amount
of sunlight, can also be considered as fitness functions of the solution. The
scout’s collective decision-making process, represented by fitness weight (fw)

in the algorithm, fw is discussed further in the next section.

3.2.Single-Objective Fitness Dependent Optimizer Algorithm

This algorithm replicates what a swarm of bees is doing during the
reproduction process. The main part of this algorithm is taken from the process
of scout bees searching for a new suitable hive among many potential hives.
Every scout bee that searches for new hives represents a potential solution in
this algorithm; furthermore, selecting the best hive among several good hives

is considered as converging to the optimality.

3.2.1. Mathematical Definitions of Single-Objective Fitness Dependent
Optimizer

The algorithm begins by randomly initializing an artificial scout population
in the search space X;(i = 1,2, ...n); where X; represent a scout bee, each scout
bee position represents a newly discovered hive (solution). Scout bees try to
find better hives by randomly searching more positions; each time a better hive
Is found, the previously discovered hive is ignored; thus, each time the
algorithm identifies a new, better solution, then the previously discovered
solution will be ignored. In addition, if the current move is not leading the
artificial scout bee to a better solution (hive), it will continue in its previous
direction, hoping that the previous direction takes the scout to a better solution.
However, if the previous direction does not lead to a better solution, it will then
continue to the current solution, which is the best solution that has been found

to that point.
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In nature, scout bees search for hives randomly. In this algorithm, artificial
scouts initially search the landscape randomly using a combination of a random
walk and fitness weight mechanism. Accordingly, every time an artificial scout
bee moves by adding pace to the current position, the scout hopes to explore a

better solution. The movement of artificial scout bees is expressed as follows:

Xits1 = Xi¢ + pace;; 3.1)
Where i represents the current search agent, t represents the current iteration,
X represents an artificial scout bee (search agent), and pace; ¢, is the movement
rate and direction of the artificial scout bee. pace; ;.4 is mostly dependent on
the fitness weight fw. However, the direction of pace;, is completely
dependent on a random mechanism. Thus, the fw for minimization problems

can be calculated as:

*
Xit fitness

fw = - wf (32)

xi,t fitnees
The x;'¢ ritness. 1S a fitness function value of the best global solution that has
been discovered thus far. x;; rimess 1S @ value of the fitness function of the

current solution, wf is a weight factor, and its value is either 0 or 1, which is
used for controlling the fw. If it is equal to 1, then it represents a high level of
convergence and a low chance of coverage. Nonetheless, if wf = 0, then itis
not affecting the Equation (3.2), thus it can be neglected, setting wf =
0 provides a more stable search. However, this is not always the case;
sometimes, the opposite occurs because the fitness function value is completely
optimization problem-dependent. Nevertheless, the fw value should be in the
[0, 1] range; however, there are some cases where fw = 1, for example, when
the current solution is the global best, or when the current and global best
solutions are identical or have the same fitness value. Additionally, there is a

chance that fw = 0, which occurs when x;; fimess = 0. Finally, division by
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zero should be avoided when x;; fitness = 0, therefore, the following rules

should be used:

fw = 1or fw =00r Xt fitness = 0, pacejs = Xj¢*r (3.3)

r < 0,pace;, = (X0 — x;¢) * fwx —1 (3.4)}

w>0and fw<1
/ ! {r >0, pace;, = (xc— xi)*fw (3.5

Here, r is a random number in the [-1, 1] range. There are different
implementations of the random walk; however, Levy flight has been chosen
since it provides more stable movements because of its good distribution curve
[2].

3.2.2. Single-Objective Fitness Dependent Optimizer Algorithm Time and
Space Complexity

Regarding SOFDO mathematical complexity: For each iteration, it has an
O(p*n + p*CF) linear time complexity, where p is the population size, n is the
dimension of the problem, and CF is the cost of the objective function.
Whereas, for all iterations, it has an O(p*CF +p*pace) space complexity,
where the pace is the best previous paces stored. From here, SOFDO time
complexity is proportional to the number of iterations. However, its space

complexity will be the same during the course of iterations.

Nevertheless, SOFDO has a simple calculation mechanism in terms of
objective value calculations, it has only (fitness weight and one random
number) to be calculated for each agent, whereas, in PSO for calculating each
solution, there are global best, agent best, search factors C1 and C2, and random
numbers (R1 and R2 parameters) to be calculated [8]. Also, in the DA, there
are five different parameter weights to be calculated (separation, alignment,
cohesion, attraction, distraction, and some random values), and most of these
parameters have accumulative nature (summation and multiplication), and their
values depend on all other agents’ value, resulting in even more complex

calculations [16].
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3.2.3. Single-Objective Fitness Dependent Optimizer Algorithm
Working Mechanism

The SOFDO with single-objective optimization problems begins by
initializing artificial scouts at random locations on the search landscape, using
upper and lower boundaries. For every iteration, the global best solution is
selected; then, for every artificial scout bee, the fw is calculated according to
Equation (3.2). After that, the fw value is checked to determine if fw = 1 or 0,
also whether x;; fitness = 0. Then Equation (3.3) is used for generating the
pace; .. However, if fw > 0 and fw < 1, then a random number r will be
generated in the [-1, 1] range. If r < 0 then Equation (3.4) is used to calculate
the pace; , in this case, fw gets a negative sign, but if » > 0 then Equation
(3.5) is used to calculate the pace; ., accordingly, fw gets a positive sign.
Randomly selecting a negative or positive sign for a fw will guarantee that the

artificial bee will search randomly in every direction.

In SOFDO randomization mechanism controls the pace;, size and
direction, whereas in most cases, the randomization mechanism only controls
the pace; . direction; in these cases, the pace;, size depends on the fw.
Moreover, each time the artificial scout bee finds a new solution, it checks
whether the new solution is better than the current solution, depending on the
fitness function as shown in Figure (3.1) the pseudocode of the SOFDO. If the
new solution is better, then it is accepted, and the old solution is ignored.
Additionally, one of the special features of SOFDO is that if the new solution
IS not better, then the artificial scout bee continues using the previous direction
(using the previous pace;,; value if available, here the t is the latest iteration
that the solution is ever accepted in), but only if it takes the scout bee to a better
solution. Moreover, the algorithm is explained using the flowchart diagram as

shown in Figure (3.2).
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Initialize scout bee population X;; (1=1, 2, ..., n)
while iteration (t) limit not reached
for each artificial scout bee X,
find best artificial scout bee x;,
generate random-walk r in [-1, 1] range
if(X;, fitness == 0) (avoid divide by zero)
fitness weight = 0
else
calculate fitness weight. equation (3.2)
end if
if (fitness weight = 1 or fitness weight = 0)
calculate pace;; using equation (3.3)
else
if (random number >= ()
calculate pace;; using equation (3.5)
else
calculate pace;, using equation (3.4)
end if
end if
calculate X; ;. equation (3.1)
if(X; 41 fitness < X;, fitness)

move accepted and pace;, saved

else
calculate X; ;. equation (3.1) with previous pace;,
if (X; 14 fitness < X;. fitness)
move accepted and pace;, saved
else
maintain current position (don’t move)
end if
end if
end for
end while

Figure. 3.1 Pseudocode of SOFDO
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( Initialize scout bee population G=1, 2. ..., ) Start

While iteration While End

(t) limit not
reached

| T

True For End

4>[ find global best scout bee Xi¥

[ generate random-walk ¥ in [-1, 1] range

For each artificial
scout bee X7 (t)

True

'f fitness -weight = 1 OR fitness~
weight = 0

[ calculate pace using equation (3.3) ] [ calculate pace using equation (3.5) }

{ caleulate pace using equation (3.4) ]47

¥
[ calculate Xi(¢+1)equation (3.1) J

True If Xi(t+1) fitness < Xi(t) fitness

[calculate Xi(t+1) equation (3.1) previous pace]

True False

If Xi(t+1) fitness < Xi(t) fitness

(Move accepted and pace savedJ [Maintain current position (don't move)J

Figure. 3.2 Flowchart diagram of SOFDO
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In addition, if using the previous pace;,is not leading the scout bee to a
better solution, then SOFDO maintains the current solution until the next
iteration. In this algorithm, every time the solution is accepted, its pace value

Is saved for potential reuse in the next iteration.

When implementing SOFDO for maximization problems, two minor
changes are needed. First, Equation (3.2) must be replaced by Equation (3.6),

as Equation (3.6) is simply an inverse version of Equation (3.2).

Xit fitness

*
xi,t fitness

fw = — wf (3.6)

Second, the condition for selecting a better solution should be changed. The
line: “if (X;.4,fitness < X;, fitness)" must be replaced with the line: “if
(X; 41 fitness > X;, fitness)” in both occurrences in the pseudocode shown
in Figure (3.1).

3.3. Multi-Objective Fitness Dependent Optimizer

Multi-objective fitness dependent optimizer (MOFDO) is based on SOFDO.
Having said that, the SOFDO is a metaheuristic algorithm, the bee swarming
reproductive process and their collective decision-making has inspired this
algorithm. Algorithmically speaking, SOFDO updates the individual position
by adding pace to the current position as shown in Equation (3.1); the same
mechanism is also applied in MOFDO. However, in order to calculate the pace
we need to consider the conditions that presented in Equations (3.7, 3.8, and
3.9), and these conditions depend on the fitness weight (fw) value, summation
of objective functions or a randomization mechanism. fw can be calculated
using the problem cost function values according to Equation (3.10). It is worth
mentioning that, the pace represents both domain and historical knowledge in
MOFDO.
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3.3.1. Mathematical Definitions Multi-Objective Fitness Dependent
Optimizer
As mentioned before, the algorithm moves its individual search agent by
adding the pace to the current position, as shown in Equation (3.1).
( & )

fw = 1lor fw=0 or Z Xi¢ fitnees, = 0, paceys = xi¢*1 (3.7)
) 0=1

4
r < 0,pace;, = (x;c — x;) * fwx —1 (3.8)}
r>0, pacej;=(x;;— xi)*fw (3.9)) )

fw>0and fw<1 {
\

Where i represents the current individual number, t represents the current
iteration, x is the individual itself, and pace is the movement rate and direction.
Recalling that the pace value mostly relies on the fw. However, the direction
of pace (value sign) entirely depends on a random mechanism. The

Yo=1Xit fitnees, 1S the sum of the cost function of the current individual, and n

is the number of objectives, and o = {1, 2,...,n}. Equations (3.7, 3.8, and
3.9) contain two different conditions. Firstly, if fw is equal to zero, or if fw is

equal to one, or if X0_; X; ¢ ritnees, = 0, then the pace; ; should be calculated

as Equation (3.7). Secondly, if fw value comes in between zero and one, then
random number r is generated in [-1, 1] range if r is a negative number, then
Equation (3.8) will be used, otherwise, Equation (3.9) will be used for

calculating the pace; ;. fw Can be calculated using Equation (3.10):

fW — Zo=1xi,tfitnesso _ Wf (310)

Ztr)l=1xi,t fitneeso
Where the Y.0_1 X;t fitness, 1S @ sum of the cost function of the global best

individual, again n is the number of objectives, and o = {1, 2, ...,n} . Finally,
wf in Equation (3.10) is a weight factor, and its value is either 0 or 1. One may

notice that, when wf = 0, it does not affect the equation and can be ignored.
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3.3.2. Multi-Objective Fitness Dependent Optimizer Extra Features

Although, the algorithm structure is the same as SOFDO to some extends,

however, there are several additional improvements in MOFDO:

A. An archive (repository) is used for holding Pareto front solutions during

optimization, as it has been widely used in the literature for this purpose.

B. Before adding the non-dominated solution to the archive, a polynomial
mutation is applied to each solution of Pareto front solutions. The
polynomial mutation has been employed in EOAs as a variation operator
[57], and it is defined as Equation (3.11) [58]:

Si = (xllxz, ...,xn)

Svi(%) = Si(x)) + . Bmax(x;),  i=12,..,NP,j=12,..n

1
{ Q)@ -1, <05 } (3.11)
1
1—(2(1 —v))@+D, otherwise

Bmax(x) = Max[Si(x;) — L, w; — Si(x)],i=12,..,NP,j = 1,2, ..n

Where Sy; is a new solution, S;(x;) is a current solution, B, (x;) is
the maximum perturbation acceptable between original and mutated
solution, NP is a population size, q is a positive real number, v is a
uniformly distributed random number in [0, 1] range, | is a lower
boundary of decision variable x, u is an upper boundary of decision
variable x, and n number of decision variables (problem dimensions).

C. In MOPs, we cannot simply choose the fittest solution as a global guide
(normative knowledge), as this might be the case in single-objective
optimization, since there is more than one objective, and usually these
objectives are in conflict with each other. Therefore, selecting a global
guide needs a more careful decision. In this work, the global guide
individual is denoted by x*, which is a global-best non-dominated

solution, it is selected from the least populated region by artificial scout
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bees the same as to [59] work on MOPSO. For this purpose, a mechanism
called archive controller is used to divide the archive into multiple
equally sized grid (sub-hyper-spheres in multi-dimension problems)
[36], in our case, we call them hypercube grids, which represent a
topographical knowledge usage in MOFDO. The hypercube grid
mechanism allows the algorithm to determine the least populated area,
simply by counting the number of solutions in each grid, then the global
best solution will be selected from the least populated area, see Figure
(2.2) chapter two. The reason behind selecting the global guide from the
least populated area is to maintain a good diversity in the obtained Pareto
front solutions. As a result, decision-makers will have more diverse
choices (solutions) to consider. Nevertheless, the archive has a limited
size, when a new non-dominated solution is found and the archive is
already reached its maximum capacity, the archive controller removes
the worst solution form the most populated grid, so that, the newly
discovered solution can fit in, as long as the new solution is better than
the worst solution in the archive.

D. Regarding selecting the personal guide (situation knowledge), the same
hypercube grid mechanism has been used for dividing the search
landscape into equally sized cells, then inside each cell, the best personal

solution is selected as a local guide.

3.3.3. Multi-Objective Fitness Dependent Optimizer Working Mechanism

The MOFDO starts by randomly distributing the search individuals over the
search space as presented in the pseudocode Figure (3.3), and more
explanations are given in the flowchart Figure (3.4). Then after, an archive with

a specific size is created, and hypercube grids are generated.

From here, the main algorithm loop will start in Line (4), which mainly

depends on a specific number of iterations or until a certain condition is met.
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In the Line (5), for each search individual (artificial scout bee) operations from
Lines (6 to 27) will be repeated according to the number of individuals. The
mentioned operations include: finding the global best search agent, finding fw
using Equation (3.10), Lines (10 to 12) applying conditions from Equations
(3.7, 3.8, and 3.9) in order to calculate pace;,, then afterword, Line (13)
calculating a new search agent position using Equation (3.1). When the new
search agent is discovered, we always check whether the new result (cost
function) is dominating the old result or not, see Line (14). If it is, then the new
position will be accepted and the pace; . will be stored for potential reuse in
the future as shown in Line (15). However, if it is not, then if previously saved
pace; . available, then it will be used instead of the new one hoping to generate
a better result unless the search agent will maintain current position, see Lines
(17 to 22). The polynomial mutation will apply in order to get more variant
solutions in Line (24), then check whether the solution can fit inside the archive
or not Lines (25 and 26). Hypercube grid indices always update according to

the search landscape changes in Line (27).
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Initialize the artificial scout bee population X;, i =1, 2, .., n,and t=1,2, ..., m
Creating archive for nondominated solutions
Generate Hypercube grid
While (1) iteration limit not reached (m) (or solution good enough)
Jor each artificial scout bee X; ,

[ v o R = T ¥ B = R S R S

[y
=

=
ST NER

[y
o

AROR R R R R R R R R R e
O 00 ~ o R W M = D W D o~ v N

find best artificial scout bee X;,
generating random walk r in [-1, 1] rang
calculating fitness weight value. Equation (3.10)
//checking Equation (3.7,3.8, and 3.9) conditions
if (fitness_weight > I or fitness_weight <-1 0r Y.g_1 X; fitnees, = 0)
fitness weight =r
end if
calculate X; 1 equation (3.1)
ifl X; 1+1 fitnesses dominate X;, fitnesses)
move accepted and pace saved
else
calculate X; 11 equation (3.1) with previous pace
if (X;;+1 fitnesses dominate X;, fitnesses)
move accepted and pace saved
else
maintain current position (don’t move)
end if
end if
Apply polynomial mutation
Add non-dominated Bees (solutions) to archive
Keep only non-dominated members in the archive
Update Hypercube Grid Indices

end for
end while

Figure 3.3 MOFDO pseudocode
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Initializing artificial scout
bee Xy population

End While

W
_.[ LT 2D ] [ Creating archive for non- 1
dominated Pareto solutions

F

[ Generate random number Fin [-1, 1] range ]

h

f Generating hyper-cube
grids
[Calculatu fitness welght value Equation :a.w}]

I

False True

1 <= fitness-weight <= -1 OR X; ffitness =0

False

| fithess-weight = r |
¥

[ calculate pace Equation (3.8) ] [ calculate pace Equation (3.9) ] [ calculate pace Equation (3.7) ]

Xjt+1 dominate X;t

( calculate Xj .4 using previous pace J —)[ move accepted and pace saved

True —>[ Apply polynomial mutation )

v

Add non-dominated bee to archive

|

. — keep only non-dominated bee in )
[malntam current position (Don't move)]i archive

Update Hyper-cube Grids indices ]47

Figure 3.4 Flowchart of MOFDO shows how it works programmatically

Xi(t+1) dominate X;

~

J
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Chapter Four

4. Results and Discussions

In this chapter, the results are presented, then directly analyzed and discussed
for readability purposes. Thus, the result section is relatively long, so that,
having results analysis is discussed in every section will provide a more

straightforward mechanism.

Having said that, both algorithms are tested on 19 classical standard
benchmarks, 10 CEC-06 2019 modern test function, 5 ZDT multi-objective
standard test functions, and 12 multi-modal multi-objective functions, the
results of our algorithm compared to PSO, DA, GA, WOA, SSA, MOPSO,
MODA and (NSGA-II11) algorithms. Finally, both of the proposed algorithms
applied to real-world application such as aperiodic antenna array designs,
frequency-modulated sound waves, and welded beam design engineering

problem

4.1. Results and Discussions of Single-Objective Fitness Dependent
Optimizer

To test the performance of the SOFDO algorithm, a number of standard
benchmark test functions exist in the literature is used. Additionally, our results
are compared to five other well-known algorithms in the literature: PSO, GA,
DA, WOA, and SSA. It is worth mentioning that results of (19 classical
benchmark test functions) PSO, GA, and DA is taken from this work [16],
however, we conducted the CEC-CO6 tests. Also, all test results were compared
using the Wilcoxon rank-sum test to prove their statistical significance.
Moreover, four measurement metrics were used for further observation.

Finally, the SOFDO was used for optimizing two real-world applications.
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4.1.1. Classical Benchmark Test Functions

Three sets of test functions are selected to test the performance of the
SOFDO algorithm [16]. The test functions have different characteristics, for
instance, unimodal test functions, multimodal test functions, and composite test
functions. Each set of these test functions is used to benchmark certain
perspectives of the algorithm. Unimodal benchmark functions, for example, are
used for testing the exploitation level and convergence of the algorithm, as their
name might imply that they have a single optimum. However, multimodal
benchmark functions have multi optimal solutions, and they are used for testing
the local optima avoidance and exploration levels. As in multimodal
algorithms, there are many optimum solutions; one of them is a global optimum
solution and most local optimum solutions. An algorithm must avoid local
optimum solutions and converge to a globally optimum solution. Furthermore,
the composite benchmark functions are mostly combined, shifted, rotated, and
biased versions of other test functions. Composite benchmark functions provide
diverse shapes for different regions of the search landscape; they also have a
very large number of local optima. This type of benchmark function
demonstrates that complications exist in real-world search spaces, see
Appendix Tables (7.1, 7.2 and 7.3) [16].

Each algorithm in Table (4.1) has been tested 30 times by using 30 search
agents each with 10 dimensions; in each test, the algorithm was allowed to look
for the best optimum solution in 500 iterations, and then, the average and
standard deviation were calculated. Regarding parameter sets, GA, PSO, and
DA parameter set described in this paper [16]. But for SOFDO parameters,
there is only wf to be tuned. In Table (4.1), for all test functions wf was equal
to 0 except test function (2 and 6) where wf equal to 1. Every test function was

minimized towards 0.0 except TF8, which was minimized towards -418.9829
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Also, some test functions were shifted by some degrees from the origin point

to prove that the algorithms were not biased towards the origin.

In Table (4.1), the results of SOFDO, DA, PSO, and GA are presented. The
TF1 to TF6 results showed that SOFDO generally provided better results than
the other algorithms; however, the TF7 results showed the other algorithms
were better. SOFDO in TF8 showed poor performance even though it had better
results than PSO. In contrast, TF9 SOFDO provided a better result than both
GA and DA, and comparative results were produced by PSO. In TF10 to TF13
and TF18, SOFDO provided relatively comparative results to the other
algorithms. However, the results of TF14 to TF17 and TF19 confirm that the
SOFDO algorithm outperformed DA, PSO, and GA in all cases.

4.1.2. CEC-CO06 2019 Benchmark Test Functions

A group of 10 modern CEC benchmark test functions is used as an extra
evaluation on SOFDO, these test functions were improved by professor
Suganthan and his colleges for a single-objective optimization problem [60],
the test functions are known as “The 100-Digit Challenge”, which are intended

to be used in annual optimization competition. See Appendix Table (7.4).

Functions CEC04 to CEC10 are shifted and rotated, whereas functions
CECO1 to CECO03 are not. However, CEC04 to CEC10 test functions are
scalable. The parameter set was defined by the CEC benchmark developer, as
functions CEC04 to CEC10 were set as a 10-dimensional minimization
problem in [-100, 100] boundary range, however, CECO1 to CECO3 have
different dimensions as shown in Appendix Table (7.4). For more convenient,
all CEC global optimum where unified toward point 1. SOFDO is competed
with three modern optimization algorithms: DA, WOA, and SSA. The reasons

behind selecting these algorithms are:

1. They are all PSO-based algorithms the same as SOFDO.

2. All of them are well cited in the literature.
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Table 4.1 Classical benchmark results of selected algorithms with SOFDO [16]

Test SOFDO
Function Ave Std Ave Std Ave Std Ave Std
TF1 7.47E-21 7.26E-19 2.85E-18 7.16E-18 4.2E-18 1.31E-17 748.5972 324.9262
TF2 9.388E-6 6.90696E-6 1.49E-05 3.76E-05 0.003154 0.009811 5.971358 1.533102
TF3 8.5522E-7 4.39552E-6 1.29E-06 2.1E-06 0.001891 0.003311 1949.003 994.2733
TF4 6.688E-4 0.0024887 0.000988 0.002776 0.001748 0.002515 21.16304 2.605406
TF5 23.50100 59.7883701 7.600558 6.786473 63.45331 80.12726 133307.1 85,007.62
TF6 1.422E-18 4,7460E-18 4.17E-16 1.32E-15 4.36E-17 1.38E-16 563.8889 229.6997
TF7 0.544401 0.3151575 0.010293 0.004691 0.005973 0.003583 0.166872 0.072571
TF8 -2285207 206684.91 -2857.58 383.6466 -7.1E+11 1.2E+12 -3407.25 164.4776
TF9 14.56544 5.202232 16.01883 9.479113 10.44724 7.879807 25.51886 6.66936
TF10 3.996E-15 6.3773E-16 0.23103 0.487053 0.280137 0.601817 9.498785 1.271393
TF11 0.568776 0.1042672 0.193354 0.073495 0.083463 0.035067 7.719959 3.62607
TF12 19.83835 26.374228 0.031101 0.098349 8.57E-11 2.71E-10 1858.502 5820.215
TF13 10.2783 7.42028 0.002197 0.004633 0.002197 0.004633 68,047.23 87,736.76
TF14 3.7870E-7 6.3193E-7 103.742 91.24364 150 135.4006 130.0991 21.32037
TF15 0.001502 0.0012431 193.0171 80.6332 188.1951 157.2834 116.0554 19.19351
TF16 0.006375 0.0105688 458.2962 165.3724 263.0948 187.1352 383.9184 36.60532
TF17 23.82013 0.2149425 596.6629 171.0631 466.5429 180.9493 503.0485 35.79406
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TF18 222.9682 9.9625E-6 229.9515 184.6095 136.1759 160.0187 118.438 51.00183
TF19 22.7801 0.0103584 679.588 199.4014 741.6341 206.7296 544.1018 13.30161
Table 4.2 IEEE CEC 2019 benchmark results

Test SOFDO DA WOA SSA
Function | Average STD Average STD Average STD Average STD
CECO01 4585.27 20707.627 543x108 669x108 411x108 542x108 605x107 475x107
CECO02 4.0 3.22414E-9 78.0368 87.7888 17.3495 0.0045 18.3434 0.0005
CECO03 13.7024 1.6490E-11 13.7026 0.0007 13.7024 0.0 13.7025 0.0003
CEC04 34.0837 16.528865 344.3561 414.0982 394.6754 248.5627 41.6936 22.2191
CECO05 2.13924 0.085751 2.5572 0.3245 2.71342 0.2917 2.2084 0.1064
CECO06 12.1332 0.600237 9.8955 1.6404 10.7085 1.0325 6.0798 1.4873
CECO07 120.4858 13.59369 578.9531 329.3983 490.6843 194.8318 410.3964 290.5562
CECO08 6.1021 0.756997 6.8734 0.5015 6.909 0.4269 6.3723 0.5862
CEC09 2.0 1.5916E-10 6.0467 2.871 5.9371 1.6566 3.6704 0.2362
CEC10 27182 | 8.8817E-16|  21.2604 0.1715 21.2761 0.1111 21.04 0.078
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1. They are proven to have an outstanding performance both on benchmark
test functions and real-world problems.

2. These algorithm implementations are publicly provided by their authors.

Regarding algorithms parameter settings, their default parameter settings
were not modified during the tests, all competitors are set the same as the
settings used in their original papers [16] [17] [18]. Interested readers can find
these algorithms MATLAB implementations and their parameter setting
specification here [61]. Additionally, SOFDO default parameter set wf = 0 is

used for all test functions.

Each algorithm was allowed to search the landscape for 500 iterations using
30 agents, the detailed results for each algorithm can be found in the appendix
section Tables (7.7 to 7.17). As shown in Table (4.2), SOFDO outperforms
other algorithms except in CEC06. Even though other algorithms have a
comparative result in CEC03, CECO05, and CEC09 benchmarks, for example,
WOA has the same result as SOFDO in CECO03, but the WOA standard
deviation is equal to 0, this shows that WOA has the same result every time it

uses with no chance for further improvements.

4.1.3. Statistical Tests
To show that the results presented in Table (4.1) and Table (4.2) are

statistically significant, the p-values of the Wilcoxon rank-sum test are found
for all test functions, and the results of a statistical comparison are shown in
Table (4.3) and Table (4.4). In Table (4.3), the comparison is conducted only
between the SOFDO and DA algorithms, because the DA algorithm was
already tested against both PSO and GA in this paper [16]. According to the
mentioned work, it has been proven that the DA results are statistically

significant compared with PSO and GA.
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Table 4.3 The Wilcoxon rank-sum test for classical benchmarks

Function SOFDO vs. DA (P-value)
TF1 0.000513631
TF2 0.7111046
TF3 8.2371E-05
TF4 1.0750E-08
TF5 0.0023817
TF6 1.7620E-04
TF7 6.6643E-12
TF8 1.4805E-34
TF9 5.8820E-08
TF10 5.6002E-17
TF11 0.012793
TF12 9.4381E-05
TF13 1.0426E-37
TF14 1.1142E-21
TF15 0.000094477
TF16 0.0000E+00
TF17 1.0668E-120
TF18 0.0000E+00
TF19 5.5373E-166

Again, as shown in Table (4.3), the SOFDO results are considered significant
in all statistical tests (unimodal, multimodal and composite test functions),
except in TF2, that is because the results are more than 0.05. There are two
unusual results in the composite test functions in both TF16 and TF18 because
the DA algorithm provided the same fitness function value for each of the 30

different individual tests.
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Table (4.4 ) shows the Wilcoxon rank-sum test of SOFDO against DA,
WOA, and SSA for 10 CEC benchmark test functions, the results show that
SOFDO performances are statistically significant in all cases, except in test
function CECO03 for DA and WOA algorithms, and test function CEC04 and
CECO08 for WOA algorithm. The results of Table (4.3) and Table (4.4) prove
that SOFDO results are statistically significant, consequently, the existence of
the SOFDO algorithm is statistically feasible.

Table 4.4 The Wilcoxon rank-sum test (p-value) for CEC 2019

Function SOFDO Vs. SOFDO Vs. SOFDO Vs.
DA WOA SSA

CECO01 4.03455E-05 0.000108312 3.1831E-09
CECO02 1.81428E-05 3.17E-252 1.1E-196
CECO03 0.244847 0.363647 1E-306
CECO04 0.000124 0.095911 7.4365E-11
CECO05 6.05468E-09 0.007884 2.3682E-15
CECO06 2.90314E-09 2.196E-28 1.9679E-08
CECO07 2.69474E-10 1.0424E-06 6.2691E-15
CECO08 2.3638E-05 0.131704 5.2331E-06
CECO09 1.80487E-10 3.7992E-43 7.4029E-19
CEC10 2.2248E-111 6.397E-131 2.459E-122

4.1.4. Quantitative Measurement Metrics

For more detailed analyses and in-depth observation of the SOFDO
algorithm, four more quantitative metrics were used, as shown in Figures (4.1,
4.2, 4.3 and 4.4). In each experiment, the first test function is selected from the
unimodal benchmark functions (FT1 to FT7), the second test function selected

is from the multimodal test functions (TF8 to TF13), and the last test function
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Is selected from the composite benchmark functions (TF14 to TF19). The
experiment was conducted using 10 search agents, each allowed to search the

two-dimensional landscape through 150 iterations.

The first metric measures the convergence and illustrates how well the
artificial scout covers the search landscape. This is merely a search history of
artificial scout movements because the position of the artificial scouts is
recorded from the beginning to the end of the test. As presented in Figure (4.1),
the scout quickly explores the overall area first and then gradually moves

towards optimality.

The second metric measures the value of the search agent (fitness function
value), as shown in Figure (4.2). The values start with large values and then
steadily decrease. This behavior guarantees that SOFDO will eventually reach

optimality [62].

The third test metric is shown in Figure (4.3) and shows that the average
fitness value of all SOFDO agents decreased dramatically over the course of
the iterations, which verifies that the algorithm not only improves the global

best agent (x;") but also improves the overall agent fitness values.

The fourth metric measures the convergence of the global best agent through
the course of the iteration. This proves that x; becomes more accurate as the
number of iterations increases again, clear abrupt changes can be seen due to

the emphasis on the local search and exploitation, see Figure (4.4).

Overall, in this section, measurement metrics showed that SOFDO is capable
of effectively exploring the search space, improving the overall solution,

avoiding local optimum and fairly converging towards optimality.
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4.1.5. SOFDO Real-World Application
Similar to any other metaheuristic algorithm, SOFDO can be used to solve

real-world application problems. In this section, SOFDO is applied to two

different applications:

A. SOFDO Usage on Aperiodic Antenna Array Designs.

Since the 1960s, with the advances in both radar techniques and radio
astronomy, aperiodic antenna arrays have received considerable attention, as
shown in Figure (4.5); there are two types of aperiodic antenna arrays: non-

uniform antenna arrays and thin antenna arrays.

Non-Uniform
Antenna Array

Element # fixed ° .

Arbitrary element L

Periodic locations . .' l... .
Antenna Array o

Aperiodic
Antenna Array
') a8 e
. e |+ 8
Elements turned off L] ==
at discretized locations e e .

> = & = = & B8
> 8 o 8 8 & 8
- 0 & 0 0 P
> 8 + 838 8
> = o 2 = o8
LA B S B B
> 5 & B BR *08

Thinned
Antenna Array

Figure 4.5 Non-uniform antenna array and a thinned antenna array [22].

In particular, to obtain the peak sidelobe level (SLL) in non-uniform arrays,
the element position should be optimized in terms of a real number vector, as
shown in Figure (4.6). Moreover, to avoid grating lobes, a certain element
spacing limit exists for conventional periodic arrays (see constraints in
Equation (4.1)). Interested readers can review [63] for more details on this

problem.
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Figure 4.6 Array configurations for 10-elements [63].

Again, as shown in Figure (4.6), there are 10 elements of a non-uniform
isotropic array, and only four element locations need to be optimized on each
side. Since the outermost element is fixed at location 2.25X, with an average
element spacing of dg,; = 0.51,, this is a four-dimensional optimization

problem with the following constraints:

x; € (0,2.25)|x; — xj| > 0.252, (4.1)
min{x;} > 0.1257,. i = 1,2,3,4.i # j.

The constraints show that there is a boundary between 0 and 2.25 for every

element. However, each element cannot be smaller than 0.1252, or larger than

2.01,; that is because of 2.25A, is a fixed element and two adjacent elements

cannot get closer than 0.251,. The fitness function problem is described as:

f = max{20log|AF (6)|} 4.2)
where
4
AF(6) = cos[2mx;(cos O — cos 6,)]
Z “3)

+ cos[2.25 x 2m(cos 6 — cos b,)]
Consider that 8, = 90° in this work is defined in Figure (4.6) [63].
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Figure 4.7 Global best with average fitness results for 200 Iteration with 20

artificial scout bees on aperiodic antenna array designs.

The DFO algorithm is used to optimize this problem, considering the
constraints mentioned in Equation (4.1). Twenty artificial scout search agents
are used for 200 iterations, and the presented result in Figure (4.7) includes the
global best fitness in each iteration and the average fitness value according to
Equation (4.2 and 4.3). The result shows that the global best solution reached
its optimum solution in iteration 78 with element positions
={0.713, 1.595, 0.433, 0.130}.

B. SOFDO Usage on Frequency Modulated Sound Waves

SOFDO is used on frequency-modulated sound waves (FM) to optimize the
parameter of an FM synthesizer, which has an essential role in several modern
music systems; this problem has six parameters to be optimized as indicated in
Equation (4.4).

X = {a1, wy, az, wy, az, ws} (4.4)

The objective of this problem is to generate a sound, as in Equation (4.5),

that is similar to the target sound, as in Equation (4.6).
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y(t) = a;.sin(wy.t. +a,.sin(w,.t.0 + as.sin(w;.t.6))) (4.5)

¥, (t) = (1.0).sin((5.0).t. +(1.5).sin((4.8).t.6 (4.6)
+ (2.0).sin((4.9).t.0)))

109 4.7)
F&) = ) 00 =30
t=0

where the parameters should be in the range [-6.4, 6.35] and 6 = 2w /100,
the fitness function can be calculated using Equation (4.7), which is simply the
summation of the square root between the result of Equation (4.5) and Equation

(4.6), while t = 100 turns. Interested readers can find more details on this
problem in [64].
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Figure 4.8 Global best with average fitness results for 200 Iteration with 30
artificial scout bees on the FM synthesis problem.

SOFDO is applied to the problem with 30 agents for 200 iterations, and
records of the global best solutions and average fineness values can be seen in

Figure (4.8). Parameter-set X = {a; =0.974, w; =-0.241, a, = -4.3160, w, =
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-0.0193, a; = -0.5701, w; = 4.937} were also generated at iteration 200. The

global best value converges to the near-global optimal value from iteration 64.

4.2. Results and Discussions of Multi-Objective Fitness Dependent
Optimizer
For testing MOFDO algorithm performance, two different types of multi-
objective test functions were selected: Classical ZDT benchmarks [65] and
2019 CEC Multi modal multi-objective benchmarks [66]. The MOFDO results
compared to the results of the latest state of the art of MOPSO, NSGA-I111, and
modern multi-objective dragonfly algorithm (MODA) [36].

4.2.1. Classical ZDT Benchmark Results.

This benchmark includes five well-known challenging test functions from
ZDT1 to ZDT5 respectively, their mathematical definition is presented in
Appendix Table (7.5), the MOFDO results compared to three well-known
algorithms: MOPSO, MODA, and NSGA-I11l. The results are shown in Table
(4.5), each algorithm is allowed to run for 500 iterations, each equipped with
initial 100 search individuals and archive size of 100, the parameter settings for
each algorithm are as described in their original papers [16] [66] [26]. However,

the parameter settings for MOFDO are:
Polynomial Mutation Rate = 5.
Number of Grids per Dimension = 7.
Best Bee Selection Factor = 2.
Delete Factor =2,
Inflation Rate =1.

The inverse generational distance (IGD) as shown in Equation (4.8) is used

for calculating quantitative results as described by [67].
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2
YL, d;

(4.8)

r

IGD =

Where d; is the Euclidean distance between the closest obtained Pareto
optimal solutions and the i true Pareto optimal solution in the reference set,
and n the number of true Pareto optimal solutions. The IGD results of 30
independent runs are collected for each algorithm, then the average (mean),

standard deviation STD, best, and worst IGD are calculated, see Table (4.5).

Table 4.5 Classical ZDT Benchmark results

Functions Algorithms IGD AVG. | IGD STD. IGD Best IGD Worst
ZDT1 | MOFDO 0.06758 | 0.030911| 0.0018 | 2.61533
MODA 0.07653 | 0.012071| 0.0420 | 0.59398

MOPSO 0.07843 | 0.008848 | 0.0446 | 1.14508

NSGA-III 0.52599 | 0.509184 | 0.0134 | 3.69236

ZDT2 | MOFDO 0.03511|  0.00404 0.0207 0.0515
MODA 0.00292 | 0.00026 0.0002 0.0116

MOPSO 0.03243|  0.00093 0.0212 0.0682

NSGA-III 0.13972| 0.02626 0.1148 0.1834

ZDT3 | MOFDO 0.06676 | 0.023913| 0.0014 2.2206
MODA 0.07653 | 0.014411| 0.0401 0.8267

MOPSO 0.07758 | 0.005755| 0.0427 1.0355

NSGA-III 0.19474| 0.080043| 0.1935 0.1962

ZDT4 | MOFDO 0.68020 | 0.352945| 0.2679 1.6776
MODA 64.9628 | 2.847807 | 51.742 500.93

MOPSO 0.46175| 0.047785| 0.2515 5.1602

NSGA-III 0.73731| 0.307518| 0.7360 0.7387

ZDTS5 | MOFDO 0.35853 | 0.161795| 0.1221 1.9125
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MODA 0.11349 0.018270 0.0142 2.3938
MOPSO 0.26862 0.136598 0.0468 2.1894
NSGA-III 0.66397 0.235754 | 0.66273| 0.66545

As can be seen in the ranking-table Table (4.6), MOFDO outperforms

MOPSO and NSGA-III in most cases; however, it has a comparative result to
MODA, as the MOFDO and MODA achieve the total ranking of 10, the
detailed results for each algorithm can be found in appendix section Tables
(7.29 to 7.33) respectively.

Table 4.6 The ranking table shows algorithms performances in Table (4.5)

Eunctions MOFDO MODA MOPSO NSGA-III
Rank Rank Rank Rank
ZDT1 1 5 3 s
ZDT2 3 1 ) 4
ZDT3 1 9 3 4
ZDT4 2 4 1 3
ZDT5 3 1 5 4
Total
Ranking 10 10 11 19

Figure (4.9) shows the ZDT3 solution landscape as an example of MOFDO

performance, Figure 4.9.1 shows how initially randomly distributed solutions

which only 23 P¢, is located, then over the courses of iterations, MOFDO

successfully increased the number of well-distributed Py solutions as shown in

Figures (4.9.2, 4.9.3 and 4.9.4).
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Figure 4.9 Shows how MOFDO solved the ZDT3 test function from

initially random solution toward Pareto front optimality.

4.2.2. CEC 2019 Multi Modal Multi-Objective Benchmarks.

For more performance proof, a set of 12 CEC-2019 multi-modal multi-

Objective (MMO) 2019 benchmarks are selected as described by [68], and their

mathematical definition is shown in Appendix Table (7.6). The reason behind

selecting this benchmark is because, these test functions are represented more
difficult challenge than ZDT benchmark for MOFDO, as they have different

characters, such as problems with different shape of PSs and PFs, with
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coexistence of local and global PSs, also having scalable number of PSs,

decision variables, and objectives.

MOFDO results compared to MOPSO, MODA and NSGA-III as shown in
Table (4.7). The results are explained by the ranking system in Table (4.8),
which shows the MOFDO ranked in first place with superior results in most
cases; MODA comes in second place, then MOPSO and NSGA-IIl. The
detailed results for each algorithm can be found in appendix section Tables
(7.19 to 7.28) respectively.

Table 4.7 CEC 2019 MMF Benchmark results

Functions | Algorithms | IGD AVG. | IGD STD. |IGD Best | IGD Worst
MMF1 MOFDO 0.18401921 | 0.0454458 | 0.0882267 | 2.2406685
MODA 0.87703300 | 0.5302916 | 0.3618665 | 9.6322659
MOPSO 0.32173518 | 0.1108645 | 0.1419164 | 0.5425832
NSGA-IIl | 0.00351527 | 0.0005796 | 0.0022760 | 0.0049877
MMFEF2 MOFDO 0.09108902 | 0.0237087 | 0.0377645 | 0.9732300
MODA 0.41152959 | 0.3041183 | 0.0883137 | 16.525584
MOPSO 0.27264430 | 0.0606373 | 0.1906970 | 1.1093294
NSGA-III N/A N/A N/A N/A
MMF3 MOFDO 0.09121177 | 0.0184429 | 0.0412612 | 1.0219979
MODA 0.38999723 | 0.3195349 | 0.0720422 | 20.350064
MOPSO 0.46594619 | 0.1566197 | 0.3377674 | 1.7063454
NSGA-IIl | 6.22408148 | 2.4773195 | 0.0523665 | 17.564674
MMF4 MOFDO 0.08195533 | 0.0340485 | 0.0453016 | 0.1879044
MODA 0.00781723 | 0.0038766 | 0.0003086 | 0.0319178
MOPSO 0.06806595 | 0.0056268 | 0.0437656 | 0.1621893
NSGA-IIl | 0.04784677 | 0.0102452 | 0.0054074 | 0.1314727
MMF5 MOFDO 0.08166825 | 0.0203041 | 0.0410373 | 0.2872334
MODA 0.20697935 | 0.1068910 | 0.1177007 | 0.2665746
MOPSO 0.36516458 | 0.0818221 | 0.1431733 | 0.6443415
NSGA-IIl | 0.23876644 | 0.1195411 | 0.2370972 | 0.2405229
MMF6 MOFDO 0.06319825 | 0.0052717 | 0.0435369 | 0.3023473
MODA 6.20722767 | 7.0529532 | 3.8844812 | 18.481523
MOPSO 0.57534658 | 0.2975283 | 0.2154710 | 1.0872217
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NSGA-IIl | 0.70090140 | 0.2650748 | 0.6990628 | 0.7024793
MMFE7 MOFDO 0.14853951 | 0.0219769 | 0.0870897 | 0.2362694
MODA 0.36139133 | 0.1036987 | 0.1322042 | 1.0331912
MOPSO 0.33104321 | 0.0493751 | 0.1186243 | 0.4153237
NSGA-IIl | 0.40264339 | 0.1635305 | 0.4014061 | 0.404124
MMFEF8 MOFDO 0.15550447 | 0.0869989 | 0.0343290 | 1.8046810
MODA 0.08058735 | 0.2652865 | 0.0056401 | 10.189273
MOPSO 0.14156195 | 0.1003047 | 0.0450518 | 2.6718013
NSGA-IIl | 0.01038634 | 0.00321/72 | 0.0041821 | 0.0276770
MMF9 MOFDO 0.47321267 | 0.1219659 | 0.3404164 | 1.7427477
MODA 0.05060995 | 0.0274896 | 0.0051946 | 0.3219936
MOPSO 1.33275589 | 0.1427530 |0.7792982 | 2.0541908
NSGA-IIl | 0.96369603 | 0.3011030 | 0.0027674 | 0.2438216
MMF10 | MOFDO 0.44207841 | 0.1277/887 | 0.3104489 | 1.1022388
MODA 0.09017605 | 0.0385574 | 0.0039308 | 0.3893014
MOPSO 1.00054897 | 0.1542964 | 0.7005662 | 1.4956293
NSGA-IIl | 3.89641261 | 4.6634273 | 0.0028740 | 4.4067242
MMF11 | MOFDO 0.09260275 | 0.0209854 | 0.0635536 | 0.2692325
MODA 0.09291338 | 0.0515551 | 0.0042148 | 0.4962967
MOPSO 1.30789085 | 0.1622864 | 0.6847497 | 2.2372910
NSGA-IIl | 1.18058557 | 0.7034533 | 0.0034136 | 4.2312541
MMF12 | MOFDO 0.08314653 | 0.0217281 | 0.0554114 | 0.2901663
MODA 0.03661122 | 0.0119014 | 0.0035018 | 0.1841556
MOPSO 0.13651933 | 0.0237385 | 0.0667090 | 0.3416214
NSGA-IIl | 0.35064339 | 0.1613096 | 0.3494061 | 0.352124

Table 4.8 The ranking table shows algorithms performances in table (4.7)

Functions MOFDO MODA MOPSO NSGA-I11
RANK RANK RANK RANK
MMF1 2 4 3 .
MMF2 1 3 2 4
MMF3 1 2 3 1
MMF4 4 1 5 .
MMF5 1 2 3 4
MMF6 1 4 3 5
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MMF7 1 2 3 4

MMF8 4 2 3 1

MMF9 2 1 4 3

MMF10 2 1 3 4

MMF11 1 2 4 3

MMF12 2 1 3 4
TOTAL 22 25 36 37
RANKING

Again, as a performance prove, Figure (4.10) shows MMF4 benchmark
solution landscape as an example, Figure 4.10.1 shows the initial random
distribution of only 31 P, solutions, then over the courses of iterations, the
number of well-distributed P solutions are increased in Figures (4.10.2, 4.10.3

and 4.10.4).

In order to prove whether the results of Table (4.5) and (4.7) are statistically
significant or not, the Wilcoxon rank-sum test has been conducted for finding
the p-value between the MOFDO and other algorithms. As presented in Table
(4.9), the high majority of the results in Table (4.5) (ZDT benchmarks results)

are statistically significant, since the p-value is smaller than 0.05.

Nonetheless, Table (4.10) also shows the level of significance of the results
in Table (4.7) (CEC 2019 benchmarks results), as clearly it can be seen, that
the results are statistically significant in almost all cases, except three cases in
MMF8 and MMF11.

Table 4.9 The Wilcoxon rank-sum test (p-value) for ZDT benchmarks

Functions | MOFDO Vs. | MOFDO Vs. | MOFDO Vs.
MOPSO MODA NSGA-III

ZDT1 0.069585315 0.144884804 1.06115E-05

ZDT2 0.000828462 5.73525E-46 0.002956318

ZDT3 0.01911876 0.06013187 1.35925E-11
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Figure 4.10 Shows how MOFDO solved the MMF4 test function from
initially random solution toward Pareto front optimality.

Table 4.10 The Wilcoxon rank-sum test (p-value) for CEC 2019

benchmarks
Functions MOFDO Vs. MOFDO Vs. MOFDO Vs.
MOPSO MODA NSGA-III
MMF1 4.41881E-08 1.76049E-09 1.41173E-29

55




Chapter Four

Results and Discussions

MMF2 5.48551E-22 3.45868E-07 N/A

MMF3 7.46013E-19 3.72574E-06 1.23675E-19
MMF4 0.031476101 3.98328E-17 2.22201E-06
MMF5 6.57481E-26 4.20625E-08 2.01881E-09
MMF6 2.64131E-13 1.27723E-05 4.39284E-19
MMF7 5.34254E-26 8.11656E-16 1.14766E-11
MMF8 0.567417/814 0.147031583 3.58707E-12
MMF9 8.12705E-33 5.09201E-26 5.83029E-07
MMF10 5.57562E-22 7.29596E-21 5.74382E-06
MMF11 2.44568E-44 0.975720942 1.36419E-10
MMF12 9.63988E-13 1.07115E-14 1.31857E-12

4.2.3. Real-World Application
MOFDO is implemented in MATLAB codes; the algorithm is well

structured, which allows for easy modifications and integration. It also enables
researchers to easily understand how it works and how real-world applications
can be solved with less effort. To demonstrate this, we optimized the welded
beam design problem with MOFDO, the problem definition and the results are

discussed below.

Figure 4.11 Welded beam design problem [69]
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The welded beam design problem is a very well-known real-world
engineering design problem, it has been considered by other researchers
previously as a test problem for various multi-objective algorithms, such as
[70]. As shown in Figure (4.11), this problem has four real-parameter variables
x = (h, I, t, b), where h is the thickness of the welds, | is the length of the welds,
t is the height of the beam, and b is the width of the beam. This design problem
has bi-objective to be minimized Equation (4.9), knowing that the objectives
are conflicting in nature, the first objective is to minimize the cost of fabrication
and the second objective is to minimize the end deflection of the welded beam

as follows:

Minimize f1(X) = 1.10471h?l + 0.04811tbh(14.0 + 1),

Minimize f2(x) = 2'13L52,
t3b

Subject to :

gl(x¥) =13,600—T(x) =0,

g2(x) =13,600 —a(x) =0,

g3() =bh—h >0,

g4(x) = Pc(X) — 6000 =0,

0.125 < h, b <5.0

0.1 < t <10.0

(4.9)

As presented in Equation (4.9), this problem has four constraints to be
considered, a violation of any of these constraints will make the design

unacceptable.

1. The first constraint is to make sure that the shear stress produced at
the support location of the beam is less than the acceptable shear

strength of the material, which is equal to 13,600 psi.
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2. The second constraint is to guarantee that standard stress produced at

the support location of the beam is less than the acceptable yield

strength of the material, which is equal to 30,000 psi.

3. The third constraint is to ensure that the breadth of the beam is not less

than the weld width from a practical perspective.

4. The constraint number four is to ensure that the acceptable buckling
load of the beam is larger than the applied load F = 6; 000 Ibs. The

shear stress T(x) and the buckling load o(x) can be calculated as

Equation (4.10 and 4.11) respectively:

T(X) = \/(T’)Z + (T")2%+ (IT'T")/J0.25(12 + (h+1)?),

!

~ 6000
V2 hi

o _ 6000014 + 0.50)4/0.25(12 + (h + ©)?)

2
2 {0.707hl(i—2 + 0.25 (h + t)z}

504000
t2h
Pc(X) = 64746.022(1 — 0.0282346t) th3

o(x) =

(4.10)

(4.11)

The welded beam design problem is optimized using MOFDO, the algorithm

Is applied to solve this engineering design problem for 100 iterations, using 100

search agents, the Py, is stored in 100 sized archives. Figure (4.12) shows that

the obtained PFs are smoothly distributed between these two objectives (Cost

and Deflection), also MOFDO provides a wide variety of feasible solutions for

the decision-makers to choose among them, this wide variety and smooth

distribution of the obtained PFs are prove the maturity of the MOFDO in terms
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of the algorithm capability of tackling the real-world engineering design

problem effectively.

Regarding MOFDO’s P discovering rate, MOFDO starts from 17 P¢; for
the first iteration, and then dramatically reaches 100P, in iteration 36 as
presented in Figure (4.13). This shows how the algorithm efficiently improves
multiple initial solutions toward the optimality, then occasionally some Pf
becomes nondominated solution, so that, they are deleted from archive, this can
be seen from iteration 36 to 100 in Figure (4.13), this shows that MOFDO is
constantly improving all solutions (dominated and non-dominated) throughout
all iterations, this feature guarantees that MOFDO avoids local solution and

eventually reaches optimality [71].

Welded Beam Design problem
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Figure 4.12 MOFDO results on Welded Beam Design problems
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Chapter Five

5. Conclusions

A new swarm intelligent algorithm was proposed called the fitness
dependent optimizer; it is inspired by the bee reproductive swarming process,
where scout bees search for a new nest site. Additionally, the algorithm is
inspired by their collective decision-making. It has no algorithmic connection
with the ABC algorithm. SOFDO employs fitness function values to generate
weights that drive the search agents towards optimality. Additionally, SOFDO
depends on the randomization mechanism in the initialization, exploration and
exploitation phases. A group of 19 single-objective benchmark testing
functions was used to test the performance of the SOFDO. The benchmark
testing functions were divided into three subgroups (unimodal, multimodal and
composite test functions). Additionally, SOFDO tested on 10 modern CEC-
C06 benchmarks. The SOFDO results compared to two well-known algorithms
(PSO and GA) and three modern algorithms (DA, WOA, and SSA), SOFDO
outperformed the competing algorithms in the majority (20/30) of cases as
shown in Tables(4.1 and 4.2) and produced a comparative result on the others.
The test results were compared using the Wilcoxon rank-sum test to prove their
statistical significance. Four additional experiments were conducted on the
SOFDO algorithm to measure, prove and verify the performance and
credibility. Furthermore, SOFDO was practically applied to two real-world

examples as evidence that the algorithm can address real-life applications.

Generally, we found that the number of search agents was related somehow
to SOFDO performance after testing on many standard test functions and real-
world applications. Thus, using a small number of agents (below five) would
notably decrease the accuracy of the algorithm, and a large number of search
agents would improve the accuracy and cost more time and space, partially
because the algorithm depends on the fitness weight on the significant part of
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its searching mechanism; in view of this, it is known as the fitness dependent

optimizer.

A multi-objective approach for a novel SOFDO is proposed, known as a
multi-objective fitness dependent optimizer, which is inspired by the bee
reproductive swarming process. During the implementation, MOFDO is being
treated as a typical cultural algorithm, for this purpose: situational, normative,
topographical, domain, and historical knowledge were employed. MOFDO is
tested on two different sets of test functions, the first set is ZTD test functions,
which are a classical benchmark used by many other researchers for testing
MOEAs. The second set is a modern CEC 2019 multimodal multi-objective,
which is considered to be a more challenging benchmark. The MOFDO results
were compared to three other algorithms: the latest state of the art of MOPSO,
NSGA-III, and MODA. The comparison showed that MOFDO outperformed
other algorithms in most cases, and provided comparative results in other cases.
Table (4.8) shows that MOFDO out performed MOPSO and NSGA-III, also
Table (4.8) shows that MOFDO out performed MODA, MOPSO and NSGA-
Il in (6/10) cases. MOFDO was easily used for solving real-world problems,
as an example, the welded beam design problem was solved using MOFDO,
and it provided well-distributed solutions, which possibly enables decision-

makers to have more variant options to consider.

Regarding CEC 2019 benchmark complexity, it represents a real challenge
for MOEAs comparing to the classical ZDT benchmark, because it contains
both local and global Pareto front. The algorithm must try to avoid trapping in
the local Pareto front. Although, arguably in some applications, the local
optima are more preferable, as global optima solutions may not always be
applicable in real-world problems [68]. Moreover, having different decision
variable space boundary for each dimension make the CEC 2019 MMF even

more difficult. In fact, the NSGA-III couldn’t produce a correct result for
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MMF2 test function as presented in Table (2), also it has difficulties in some
other test functions. On the other hand, MOFDO constructed in a way that

makes it easy to deal with these difficulties.

Future works will adopt, implement and test both multi-objective and binary
objective optimization problems on SOFDO. Finally, integrating evolutionary
operators into SOFDO and hybridizing it with other algorithms can be
considered as potential future research. Moreover, researchers might try to
improve algorithm performance by adapting new parameters, which might lead
to enhancing the learning rate and communication range between individuals,

or possibly integrating or hybridizing MOFOD with other MOEAs.
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6. Publications

The first proposed algorithm SOFDO has already published in the journal of
IEEE Access entitled “Fitness Dependent Optimizer: Inspired by the Bee
Swarming Reproductive Process”, which has an impact factor of 4.098, also
indexed by Clarivate Analytics, Scopus and others. The second proposed

algorithm MOFDO is under consideration for reviewing purpose.
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Appendix
8. Appendix

Table 7.1 Unimodal Benchmark Functions [16]

Dimension = 10 and f,i, = 0

Functions Range Shift position
n
TF1(x) = Z x? [-100,100]  [-30, -30, ... -30]
i=1
n n
TF2(x) = Z Ix; |+1_[|xl-| [-10, 10] [3,-3, ... -3]
i=1 i=1
n [ 2
TF3(x) = Z z"f [-100, 100] [-30, -30, ... -30]
i=1 \j-1
TF4(x) = max{|x|, 1 < { < n} [-100, 100] [-30, -30, ... -30]
n-1
_ 232
TF5(x) = Z[lOO(le *1) [-30, 30] [-15, -15, ... -15]
i=1
+ (x; — 1)?]
n
TF6(x) = Z([xl- +0.5])2 [-100,100] = [-750, ...-750]
i=1
n
TF7(x) = z ix* + random[0,1] = [-1.28,1.28] = [0.25, ...-0.25]

i=1

Table 7.2 Multimodal Benchmark Functions (10 Dimensional) [16]

@ c
2 | £9 =
Functions »n = E
x Bl

(@]

n —

= 819
TF8(x) = Z —x? sin( |xl-|) S ? | ®
i=1 S | & | o
A
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n
TF9(x) = Z[xl? — 10 cos(2mx;) + 10] S0
i=1 E 2 <
TF10(x) = —20exp| —0.2 =
i o
1% B
— exp (—z cos(anJ) +20+e
"=
TF11(x) = L iz ﬁ (xi)+1 z | 8
Y =000 T 1\ o A
i=1 i=1 § =
TF12(x) = %{10 sin(my;) + Y1y — D?[1 +
10 sin®(my;+ )] + (0 — D} + X, ulx;, 10,100, 4). =
=147 88 °
k(x;, —a)™x; > a =
u(x;,a,k,m) = 0 —a<x;<a
k(—x; —a)™ x; < —a
TF13(x) = 0.1 {sin2(3nx1)
n —_
+ z(xi —1)?[1 + sin*Bnx; + 1)] = S
i=1 S | o
+ (x,, — 1)%[1 + sin?(2mx,,)] T
n
+ Z u(x;,5,100,4).
i=1
Table 7.3 Composite Benchmark Functions [16]
Note: Dimension=10, Range = [-5, 5], and f,;;, = 0
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Functions

TF14 (CF1)
f1,f2,f3..f10 = Sphere function
51,62,63..610 = [1,1,1, ....1]
5 5 5 5
100°100,100" 100]

A1,A2,23 ...A10 = [

TF15 (CF2)
f1,f2,f3..f10 = Griewank’s function
51,62,63..610 = [1,1,1, ....1]

1,12, 13 /110—[5 > 5]
P ~ [100°100,”100’ " 100
TF16 (CF3)

f1,f2,f3..f10 = Griewank’s function
51,62,63...610 = [1,1,1, ....1]
A1,22,A3 ...A410 = [1,1,1, ... 1]

TF17 (CF4)
f1, f2 = Ackley’s function
f3, f4 = Rastrigin’s function
f5, f6 = Weierstrass function
f7, f8 = Griewank’s function
f9, f10 = Sphere function
51,62,63..610 = [1,1,1,....1]

5 5 5

5

5

5

A1, A2,A3...410 =

TF18 (CF5)

f1, f2 = Rastrigin’s function

f3, f4 = Weierstrass function

f5, f6 = Griewank’s function

f7,f8 = Ackley’s function

f9, f10 = Sphere function
51,62,63..610 = [1,1,1, ....1]

11 5 5 5 5

1,1

AL, A2,A3..410 =
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TF19 (CF6)
f1, f2 = Rastrigin’s function
f3, f4 = Weierstrass function
f5, f6 = Griewank’s function
f7,f8 = Ackley’s function
f9, f10 = Sphere function
51,62,63...610 = [0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,1]

A1,12,13 ... A10
0.1 102 103 > 0.4 > 0.5 —5 0.6 —5 0.7
: 5’ c 5’ : 0.5’ 0.5’ 100’ 100’

Table 7.4 CEC-C06 2019 Benchmarks “The 100-Digit Challenge”: [60].

No. Functions Dimension Range
1 STORN'S CHEBYSHEV 9 [-8192, 8192]
POLYNOMIAL FITTING PROBLEM
2 INVERSE HILBERT MATRIX 16 [-16384, 16384]
PROBLEM
3 LENNARD-JONES MINIMUM 18 [-4,4]
ENERGY CLUSTER
4 RASTRIGIN’S FUNCTION 10 [-100, 100]
5 GRIEWANGK’S FUNCTION 10 [-100, 100]
6 WEIERSTRASS FUNCTION 10 [-100, 100]
7 MODIFIED SCHWEFEL’S 10 [-100, 100]
FUNCTION
8 EXPANDED SCHAFFER’S F6 10 [-100, 100]
FUNCTION
9 HAPPY CAT FUNCTION 10 [-100, 100]
10 ACKLEY FUNCTION 10 [-100, 100]

“NOTE: Interested reader can see this technical paper [60] for more information
about the CEC benchmarks.”
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Table 7.5 ZDT benchmark Mathematical definition

Functions Mathematical definition

g(z)=1+9002)/(n—1)

ZDT1 Fi(e) =
Fy (z) = g(x) [1 — /z1/g(z)] = € [0,1].
9(z) =1+9(3 ox:)/(n—1)
Py (@) =z

T2 Be) = g@) [1 - (@1/g@)?] 2 € 0,1].
9(@)=1+9(io=)/(n—1)

ZDT3 Fy(z) =z
By (z) = g(z) [1 — \/z1/9(z) — z1/g(z) sin(107z,)] = € [0,1].
g(z)=91+37, [:r:f —10 cos(47r:1:i)}

ZDT4 Fi(z) ==
Py (z) = g(z) [1 — /=1 /g(z)] z1 € [0,1],2; € [-5,5]i =2,---,10.
g(2) =1+9[(Xhym)/ (n— 1)

ZDT5 Fy (z) = 1 — exp(—4a;) sin® (67 ;)

Py (z) = g(z) [1 — (fi(e)/9(z))*] = € [0,1].

Table 7.6 CEC 2019 multimodal multi-objective benchmark Mathematical

definition [68]

Funct Mathematical definition Range
ion
MMF fi=lx-2

 €[L 3], -L1
1 {fz—l—«/lxl—z+2(x2—sm(6ml—z+ﬁ))z v €[13], x, e[-11]
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fl =X
-3 +24(x, —x)?

M)«FZ)! 0<x, <1

—2cos(

I\gMF P ﬁ e[0.1], x, €[0,2].
=3, +2(4(x, —1-[x,)’
—cos(w)—kz),l <x, <2
fi=x
1y 42040, —fx)*
20(x27\/2)7r
2 — )42
cos( NG )+2)
MME 0<x,<0505<x, <1&025<x <1
3 7= e[0,1], x, €[0,1.5].
1\ +2(4(x, —0.5—x)*
—cos(zo(x2 (355 @)ﬁ)—k 2)
I<x, <150<x«<025&05<x, <1
.fl:|x1‘
MMF _ 1—x12+2(x2—sin(ﬂ|x1‘))2 0<x, <1 e[-11]. x, €[0,2].
4 ’ 1-x7+2(x, —1-sin(7|x,))* 1<x, <2
-fi:‘xl_z‘
MME P 1% —2|+2(x, —sin(6z|x, — 2|+ 7))>  ~1l<x, <1
5 C - =2+ 20y, 2 —sin6r |y, — 2+ 1)) L<x, <3 % e[L3], X, €[L 3]
[f}
MMF fie \ 7"|+2(\ 75111(67T|\ 7"|+Jr)) -l=x, <1 e[-13], x, €[l 2].
6 1 7 J = 2]+ 20x, -1 =sin(67]x, —2|+ 7)) 1<x, <3
£l -
I\QMF f=1- |\ - |+{A ~[03|x, 2|2-cos(247¢'|x —2| x e[l3], x, e[-L1].
+47)+0. 6|\ —2|] 5111(67T|\ —2|+7r)}
—sm|x‘
I\gMF 1- (5111‘A1|) +2(x2—sm‘11|—‘11|) 0<x, <4 x e[-7. 7], x,€[0.9].

1- (sm‘alb +2(x, —4— sm‘al| |Al|) 4<x,<9
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(=

| g(l‘,)
MMF lf =T % €[0.1,1.1], x, €[0.11.1]
9 o
g(x)=2—sin® ( f?PﬂTx). n, is the number of global PSs.
{f] =X
[}(; — g(x2)
I\lﬂoMF H x €[0.L1.1], x,[0.1,1.1].
x—02Y x—0.6Y
x)=2—-exp| — —0.8exp| - .
&) eXp{ (0.004} } eXp{ ( 0.4 M
Si=x
_8(x,)
{ﬂ - Xl
l;_/llMF o1 x €[0.1.1.1], x,€[0.1,1.1].
x—0. -
g(x):Z—exp{—Zlog(Z)-[ 03 J ]sm((;?})JTX),
n,, is the total number of global and local PSs.
{fl =X
fi=g(x,)-h(f.8)
g(x¥)=2—exp —210g(2)-[x_0'lJ: -sin6(17 er)A
0.8 z
MMF | 0 ..
12 |ny, is the total number of global and local PSs, | * €101l = =[0.1.

h(f.g)= l—(in —isin(Zfrqfl),

g) &
g is the number of discontinuous pieces in each
PF (PS).
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Table 7.7 SOFDO, DA, SSA, and WOA (CEC-1 results) for 3o turns.

SUM

80

Algorithms SOFDO DA SSA WOA
CEC Benchmarks CECO1 CECO1 CECO1 CECO1

Turn-1 47.31038969 28037475792  617169438.7 228926244.8
Turn-2 18.06222239 43822626775 14071704894 7219551658
Turn-3 18699.60882 1314544837 2692769097 57720846.9
Turn-4 1.187890105 19271598315 2228631095 44841246342
Turn-5 9.118739773 22041147121 3842295043 17902732455
Turn-6 7.706902555 15727363198 2008602913 86142933072
Turn-7 174.4159264 7294097614 5184442741 43598257.48
Turn-8 97.97266216 11074650461 11021134427 1.37875E+11
Turn-9 121.7120581 21054635722  468313625.2 64909013519
Turn-10 19.7708307 39132941986 5731614640 18266679217
Turn-11 0.151134525 2.04406E+11 7377251234 1641851.132
Turn-12 4128.8366 2.94636E+11 7970125218 11947308.41
Turn-13 12.67273906 1.63448E+11 2036108830 1.46956E+11
Turn-14 5.454668019 16211657313 10090009171 8751046501
Turn-15 203.811196 73658160256 9929018808 1.21463E+11
Turn-16 2.317801886 1.0673E+11 5321685518 1773200602
Turn-17 1.076157528 1.03833E+11 1258235849 74823454.68
Turn-18 112685.0764 28789516867 21686615089 73237792862
Turn-19 1.782977559 5374692459 9856054633 1110649718
Turn-20 1.536477195 1.09584E+11 2157778145 71733749.77
Turn-21 42.48541374 37654944096 9946802070 14178377809
Turn-22 10.04810942 8678354294 10060791838 462723261.7
Turn-23 1.173608023 74035957270 7760903337 1.41724E+11
Turn-24 1164.180315 12477452348 6442907408 1716750.865
Turn-25 3.419110333 23783481085 873477278 4001823299
Turn-26 75.60996475 8964772906 2389397987 98241735079
Turn-27 1.178233026 31393348840 3863455458 57807207059
Turn-28 13.4028015 12312886389 2139540064 21962756048
Turn-29 2.883288321 86163208948 8671629166 1592984.94
Turn-30 4373834994 19511334385 3880024370 1.6438E+11
Average 4585.277909 54347246803 6052616313 41123390194
Standard Deviation 20707.62706 66981083351 4750406982 54208979580
LiEdenten it Le 4.03455E-05  3.18312E-09 0.000108312




Table 7.8 SOFDO, DA, SSA, and WOA (CEC-2 results) for 3o turns.

Appendix

Algorithms SOFDO DA SSA WOA
CEC Benchmarks CECO02 CEC02 CECO02 CEC02
Turn-1 4.00000000000213 18.9492 18.3432 18.3594
Turn-2 4.00000000000058 69.3545 18.3435 18.3552
Turn-3 4.00000000005982 18.9714 18.3432 18.3491
Turn-4 4.00000000079331 19.7754 18.3439 18.3536
Turn-5 4.00000000000003 259.0589 18.3431 18.3564
Turn-6 4.00000000001410 18.3456 18.3434 18.3524
Turn-7 4.00000000029621 18.3447 18.3433 18.3445
Turn-8 4.00000000000001 20.5691 18.3433 18.3497
Turn-9 4.00000001776344 195.2578 18.3443 18.3544
Turn-10 4.00000000000012 20.8476 18.343 18.3447
Turn-11 4.00000000000007 265.4919 18.3434 18.3452
Turn-12 4.00000000000002 18.7243 18.3431 18.3601
Turn-13 4.00000000006464 18.5931 18.3433 18.3469
Turn-14 4.00000000000282 39.558 18.3435 18.3512
Turn-15 4.00000000000000 54.7404 18.3437 18.3464
Turn-16 4.00000000000109 20.8476 18.3441 18.3453
Turn-17 4.00000000001411 34.8106 18.3431 18.3484
Turn-18 4.00000000134220 18.3487 18.3432 18.3458
Turn-19 4.00000000148891 141.2985 18.3432 18.346
Turn-20 4.00000000080540 52.9786 18.3435 18.3475
Turn-21 4.00000000000129 20.8476 18.3433 18.3454
Turn-22 4.00000000381405 19.1417 18.343 18.3506
Turn-23 4.00000000000000 103.8407 18.3432 18.3478
Turn-24 4.00000000001066 283.6467 18.3433 18.3445
Turn-25 4.00000000000028 20.8476 18.3432 18.3483
Turn-26 4.00000000009768 162.3411 18.3432 18.3494
Turn-27 4.00000000000035 18.592 18.3433 18.3467
Turn-28 4.00000000005117 18.6164 18.3433 18.3441
Turn-29 4.00000000000651 201.1435 18.3455 18.35
Turn-30 4.00000000000000 167.2206 18.3431 18.3545
Average 4.000000001 78.03679333 18.3434233 18.34945
Standard Deviation 3.27925E-09 86.78883455  0.00049458 0.004487588
WILCOXON RANK= 1.81428E-05  3.1703E-252 1.1004E-196

SumMm
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Table 7.9 SOFDO, DA, SSA, and WOA (CEC-3 results) for 3o turns.

Algorithms SOFDO DA SSA WOA
CEC Benchmarks CECO03 CECO03 CECO03 CECO03
Turn-1 13.7024042179575 13.7024  13.7024  13.7024
Turn-2 13.7024042179603 13.7024  13.7024  13.7024
Turn-3 13.7024042179566 13.7024  13.7024  13.7024
Turn-4 13.7024042179563 13.7025  13.7024  13.7024
Turn-5 13.7024042179564 13.7024  13.7024  13.7024
Turn-6 13.7024042179568 13.7024  13.7024  13.7024
Turn-7 13.7024042179569 13.7024  13.7024  13.7024
Turn-8 13.7024042179569 13.7024  13.7024  13.7024
Turn-9 13.7024042179563 13.7024  13.7024  13.7024
Turn-10 13.7024042179569 13.7024  13.7024  13.7024
Turn-11 13.7024042179958 13.7024  13.7024  13.7024
Turn-12 13.7024042179584 13.7025  13.7024  13.7024
Turn-13 13.7024042179563 13.7024  13.7039  13.7024
Turn-14 13.7024042179611 13.7024  13.7024  13.7024
Turn-15 13.7024042179590 13.7024  13.7024  13.7024
Turn-16 13.7024042179563 13.7024  13.7024  13.7024
Turn-17 13.7024042179582 13.7024  13.7024  13.7024
Turn-18 13.7024042179564 13.7024  13.7024  13.7024
Turn-19 13.7024042179939 13.7024  13.7024  13.7024
Turn-20 13.7024042179571 13.7024  13.7024  13.7024
Turn-21 13.7024042179563 13.7024  13.7024  13.7024
Turn-22 13.7024042179580 13.7025  13.7024  13.7024
Turn-23 13.7024042180319 13.7024  13.7024  13.7024
Turn-24 13.7024042179564 13.7024  13.7024  13.7024
Turn-25 13.7024042179563 13.7024  13.7024  13.7024
Turn-26 13.7024042179628 13.7024  13.7024  13.7024
Turn-27 13.7024042179824 13.7062  13.7024  13.7024
Turn-28 13.7024042179779 13.7029  13.7024  13.7024
Turn-29 13.7024042179564 13.7024  13.7024  13.7024
Turn-30 13.7024042179598 13.7024  13.7024  13.7024
Average 13.70240422 13.70255 e
. . 5 13.7024
Standard Deviation 1.67631E-11 0.000695 0.000274  7.23E-15
WILCOXON RANK-SUM 0.244847 0.363647  1.2E-306
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Table 7.10 SOFDO, DA, SSA, and WOA (CEC-4 results) for 3o turns.

Algorithms SOFDO DA SSA WOA
CEC Benchmarks CEC04 CECO04 CECO4 CECO5
Turn-1 42.78813606 89.6286 15.9244 164.5268
Turn-2 14.78013468 167.0365 10.9496 296.0315
Turn-3 28.85880335 432.4384 45.773 183.8552
Turn-4 33.889548 535.1613 53.7325 240.5655
Turn-5 25.87437127 34.0404 16.9193 496.6138
Turn-6 29.86515906 446.6602 44.7779 307.6974
Turn-7 25.99999354 138.6272 39.8033 210.571
Turn-8 69.65174971 110.1406 42.788 376.6262
Turn-9 24.87916538 71.5877 77.6112 156.8946
Turn-10 80.59622351 52.7565 34.8285 995.9347
Turn-11 22.88905891 72.1789 49.7528 357.3357
Turn-12 10.98302357 728.4271 36.8184 332.3681
Turn-13 5.993071905 586.8426 50.7478 666.2306
Turn-14 45.77378602 124.1159 33.8336 232.6558
Turn-15 18.35127492 120.446 29.8538 464.7928
Turn-16 25.87948706 479.5643 24.879 486.0267
Turn-17 38.52292218 94.2813 39.8031 351.4897
Turn-18 14.08001799 157.269 45.7726 536.7224
Turn-19 17.68165395 101.4658 36.8183 229.4065
Turn-20 43.81735389 346.493 47.7629 514.4632
Turn-21 42.7879921 197.8004 72.6367 444.6604
Turn-22 59.70223506 1675.78 20.8991 299.6801
Turn-23 20.00627968 167.5702 125.3686 288.8738
Turn-24 36.25108137 508.5567 52.7373 522.5866
Turn-25 39.80329451 107.5156 20.8991 499.5005
Turn-26 26.3504424 173.7315 33.8335 261.7723
Turn-27 30.95242982 581.1883 37.8134 1298.5194
Turn-28 38.80828254 1705.7 46.7678 146.5564
Turn-29 25.94865361 189.7548 13.9345 156.6548
Turn-30 50.74776509 133.9233 46.7678 320.6484
Average 33.0837797 344.3561 41.69359 394.6753633
Standard Deviation 16.81143076 414.0982  22.21909 248.562718

WILCOXON RANK-SUM 0.000124 0.095911 7.43657E-11
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Table 7.11 SOFDO, DA, SSA, and WOA (CEC-5 results) for 3o turns.

Algorithms SOFDO DA SSA WOA
CEC Benchmarks CECO5 CECO05 CECO05 CECO05
Turn-1 2.063899381 2.8755 2.3885 2.5468
Turn-2 2.147672574 2.7173 2.0787 3.7271
Turn-3 2.027093396 2.8811 2.1157 2.2438
Turn-4 2.049207798 2.7866 2.1106 2.7735
Turn-5 2.211490813 2.8681 2.2853 3.0202
Turn-6 2.041838794 2.165 2.1354 3.0368
Turn-7 2.123045461 3.0034 2.165 2.5722
Turn-8 2.297786812 2.1296 2.1525 2.5281
Turn-9 2.142647078 2.5433 2.1305 2.9799
Turn-10 2.226491485 2.5589 2.2561 2.552
Turn-11 2.130355627 2.7431 2.2164 2.6909
Turn-12 2.137832728 2.4013 2.1451 2.3443
Turn-13 2.120714245 3.1426 2.1649 2.5361
Turn-14 2.13539351 2.4085 2.1672 2.5784
Turn-15 2.066404738 2.3946 2.3496 2.4513
Turn-16 2.427576298 2.3469 2.2534 2.9412
Turn-17 2.086021183 2.6721 2.1183 2.7177
Turn-18 2.132887844 3.2787 2.3173 2.5785
Turn-19 2.218857232 2.2813 2.3691 2.9724
Turn-20 2.078706066 2.2754 2.1697 2.6988
Turn-21 2.056523037 2.5324 2.0983 2.8538
Turn-22 2.036960532 2.4483 2.1206 2.8501
Turn-23 2.164835378 2.4502 2.2263 3.0072
Turn-24 2.223834127 2.3975 2.337 3.1599
Turn-25 2.117997749 3.15 2.4403 2.6397
Turn-26 2.054154862 2.1768 2.241 2.5319
Turn-27 2.246130146 2.4426 2.0911 2.6997
Turn-28 2.152484698 2.2157 2.0764 2.7464
Turn-29 2.135265722 2.0693 2.3887 2.6321
Turn-30 2.123097114 2.3584 2.1426 2.4151
Average 2.139240214 2.55715 2.208387  2.734196667
Standard Deviation  0.087217722  (,324493801 0.106429 0.291747891
WILCOXON RANK-SUM 6.05468E-09  0.007884  2.36828E-15
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Table 7.12 SOFDO, DA, SSA, and WOA (CEC-6 results) for 3o turns.

Algorithms SOFDO DA SSA WOA
CEC Benchmarks CECO6 CECO6 CECO6 CECO6
Turn-1 10.39637831 5.5487 4.9295 10.3069
Turn-2 11.63071162 10.5822 9.8578 10.7929
Turn-3 12.58023279 8.6436 5.1733 11.1581
Turn-4 12.30460484 9.904 6.4655 10.5958
Turn-5 11.69124008 12.7974 4.703 10.7253
Turn-6 11.38021785 9.3111 5.906 11.4092
Turn-7 13.2108508 9.5077 8.466 11.0506
Turn-8 12.52072973 10.3758 7.6821 11.016
Turn-9 12.28822755 12.2179 4.0309 10.8705
Turn-10 11.50422739 12.017 5.4241 11.9412
Turn-11 11.65260248 10.975 4.6514 13.2563
Turn-12 12.49558646 12.1569 5.3138 10.1435
Turn-13 12.60617414 7.9069 5.5037 10.4676
Turn-14 12.29600911 6.1943 5.2774 10.0224
Turn-15 12.59789955 11.0248 5.9707 11.1143
Turn-16 12.42025224 10.3275 5.981 11.7086
Turn-17 12.79266496 8.7483 5.5106 10.7182
Turn-18 12.19912322 10.1463 8.1922 9.5097
Turn-19 12.00312658 9.3353 4.6209 12.9841
Turn-20 12.06655808 10.2246 7.3945 11.3831
Turn-21 12.91716509 10.3802 6.0266 10.2766
Turn-22 11.90377152 9.4517 8.1371 10.0168
Turn-23 12.27636218 11.8455 5.9562 10.857
Turn-24 12.38062877 10.3299 5.0643 10.7565
Turn-25 10.80314081 9.8607 6.7059 9.5419
Turn-26 12.56325726 8.9004 4.2675 9.6577
Turn-27 11.48026586 9.6158 3.9714 11.4028
Turn-28 12.55390535 10.9282 6.921 9.6763
Turn-29 12.48168732 7.8221 8.5798 7.9987
Turn-30 12.00027882 9.7856 5.7095 9.8954
Average 12.13326269  9.895513333 6.07979 10.70846667

Standard Deviation 0.61049913  1,640410821  1.487278233  1.032452946

WILCOXON RANK-SUM 2.90314E-09 2.19607E-28 1.96797E-08
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Table 7.13 SOFDO, DA, SSA, and WOA (CEC-7 results) for 3o turns.

86

Algorithms SOFDO DA SSA WOA
CEC Benchmarks CECO7 CECO7 CECO7 CECO7
Turn-1 152.64419 379.6903 414.0824 193.1639
Turn-2 145.96787 673.3759 761.598 364.2248
Turn-3 112.9891 280.7092 213.5215 545.2148
Turn-4 130.27749 892.8387 597.4322 392.624
Turn-5 128.60217 264.5389 659.443 690.3121
Turn-6 116.15789 306.8299 255.0727 776.3766
Turn-7 103.95957 989.5615 1244.641 781.2573
Turn-8 133.48626 366.6919 339.221 613.5876
Turn-9 103.59088 762.7382 954.437 499.3797
Turn-10 110.11986 296.0694 221.9694 276.0807
Turn-11 128.86368 872.5925 501.5119 472.434
Turn-12 110.64458 784.3011 427.9813 382.1168
Turn-13 110.61542 71.2341 404.3251 560.0888
Turn-14 127.34166 409.69 55.8464 331.5762
Turn-15 136.56458 255.9608 234.8383 412.9315
Turn-16 120.58763 -48.244 80.4828 516.7854
Turn-17 115.48106 912.1153 452.1595 538.4653
Turn-18 104.55616 944.6172 708.5561 134.1435
Turn-19 105.07145 972.7928 345.2185 496.9047
Turn-20 121.47754 335.6231 -0.7572 623.2101
Turn-21 128.61796 368.5244 206.0207 188.3266
Turn-22 117.41311 740.5508 238.3186 537.4072
Turn-23 128.54729 155.9691 175.9931 743.3001
Turn-24 113.9323 213.6375 271.6066 347.0528
Turn-25 151.02416 1041.3708 261.6816 1004.7824
Turn-26 112.77487 553.1951 425.4884 297.1115
Turn-27 105.31476 727.2664 826.7202 402.9513
Turn-28 116.31113 1021.7706 722.4315 613.5173
Turn-29 104.07245 945.5743 40.8896 434.638
Turn-30 117.56743 877.0076 271.1605 550.5653
Average 120.48582  578.9531133  410.39639  490.6843433
Standard Deviation 13.82608  329.3983039 290.556184  193.831761
WILCOXON RANK-SUM 2.69474E-10  1.0424E-06  6.26919E-15




Appendix
Table 7.14 SOFDO, DA, SSA, and WOA (CEC-8 results) for 3o turns.

Algorithms SOFDO DA SSA WOA
CEC Benchmarks CECO08 CECO08 CECO8 CECO8
Turn-1 6.859511388 7.4482 6.9561 5.7971
Turn-2 6.505207612 6.998 6.4551 7.3622
Turn-3 6.066890951 6.2305 6.1743 6.77
Turn-4 5.74620445 6.6045 6.4865 6.5837
Turn-5 5.491266762 7.6277 6.2141 7.0908
Turn-6 6.130261133 6.7965 7.0755 7.0245
Turn-7 5.259087655 6.9041 6.6906 6.1614
Turn-8 5.528476595 7.425 7.2673 6.9177
Turn-9 5.785685511 6.8713 6.5516 6.949
Turn-10 7.463143827 6.9199 6.0854 7.1525
Turn-11 6.224493406 6.9575 6.9877 6.612
Turn-12 5.367837302 7.0771 4.9909 7.3004
Turn-13 5.78039937 6.7057 6.3324 6.4327
Turn-14 7.21044196 7.2308 6.1481 6.9063
Turn-15 6.688923818 6.3027 5.8683 7.5205
Turn-16 6.971349336 7.1246 5.781 7.6415
Turn-17 5.531485242 6.6583 5.6015 7.1216
Turn-18 6.218795742 6.0661 5.7275 7.3328
Turn-19 5.105802423 6.4066 6.8119 7.2649
Turn-20 5.132493271 6.6279 6.513 6.5111
Turn-21 6.865575083 7.0172 6.9309 6.6222
Turn-22 5.146094042 6.8715 6.7335 6.7024
Turn-23 6.793155497 7.4661 6.5345 6.2238
Turn-24 4715090381 6.8776 5.7262 7.1486
Turn-25 5.491497602 7.3181 5.3343 6.477
Turn-26 5.346112738 7.314 6.8832 6.9553
Turn-27 6.865229356 5.4949 7.0898 6.996
Turn-28 6.770146559 7.3213 6.14 7.2686
Turn-29 7.327894441 6.0196 5.8268 7.1748
Turn-30 6.676007224 7.5189 7.2504 7.2471
Average 6.102152023  ¢,873406667  6.37228 6.90895

Standard Deviation 0.769938406  (0.501501218 0.586156 0.426862168

WILCOXON RANK-SUM 2.36381E-05 0.131704 5.23311E-06
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Table 7.15 SOFDO, DA, SSA, and WOA (CEC-9 results) for 3o turns.

Algorithms SOFDO DA SSA WOA
CEC Benchmarks CEC09 CEC09 CEC09 CEC09
Turn-1 2 6.3329 3.5083 10.017
Turn-2 2 6.1564 3.4818 5.1904
Turn-3 2 6.6349 3.7236 6.0222
Turn-4 2 7.4622 3.6735 4.8435
Turn-5 2 4.5705 4.1222 5.9159
Turn-6 2 4.7252 3.4654 6.9429
Turn-7 2 7.0999 3.6386 5.9272
Turn-8 2 6.005 3.478 6.3543
Turn-9 2 4.8411 3.7195 4.7623
Turn-10 2 5.5265 3.5966 4.8368
Turn-11 2 3.9522 3.6604 5.2188
Turn-12 2 4.0579 3.5143 5.6591
Turn-13 2 6.3484 4.3611 5.8536
Turn-14 2 4.0179 3.638 12.6776
Turn-15 2 4.4408 3.6408 6.0921
Turn-16 2 5.3724 3.5187 4.4763
Turn-17 2 7.796 4.0819 4.8945
Turn-18 2 6.0583 4.0786 5.9504
Turn-19 2 5.6386 3.5009 5.4161
Turn-20 2 5.904 3.4759 4.9949
Turn-21 2 20.1226 3.5705 4.8122
Turn-22 2 5.1588 3.4783 5.5228
Turn-23 2 4.7246 4.0846 6.0424
Turn-24 2 4.6094 3.5097 4.6486
Turn-25 2 4.7184 3.5959 6.9274
Turn-26 2 8.0226 3.4581 5.7938
Turn-27 2 5.4979 3.7002 4.7358
Turn-28 2 4.8912 3.5725 6.5317
Turn-29 2 5.4353 3.5222 6.1261
Turn-30 2 5.2798 3.7416 4.927
Average 2 6.046723333 3.67039 5.937123333
Standard Deviation 2E-10 2.870985139  0.236213552  1.656591579

WILCOXON RANK-SUM 1.80487E-10 3.79927E-43 7.40292E-19
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Table 7.16 SOFDO, DA, SSA, and WOA (CEC-10 results) for 3o turns.

Algorithms SOFDO DA SSA WOA
CEC Benchmarks CEC10 CEC10 CEC10 CEC10

Turn-1 2.718281828 21.0277 21.0022 21.5536

Turn-2 2.718281828 21.0177 20.9997 21.2558

Turn-3 2.718281828 21.1826 20.9999 21.4091

Turn-4 2.718281828 21.5789 21 21.4027

Turn-5 2.718281828 21.1221 21.14 21.2813

Turn-6 2.718281828 21.0769 21 21.1476

Turn-7 2.718281828 21.1345 21 21.0703

Turn-8 2.718281828 21.4297 21.0459 21.2292

Turn-9 2.718281828 21.183 20.9994 21.4089
Turn-10 2.718281828 21.2166 21 21.2474
Turn-11 2.718281828 21.3773 21 21.2318
Turn-12 2.718281828 21.0121 21 21.2386
Turn-13 2.718281828 21.3871 21.1716 21.1999
Turn-14 2.718281828 21.2647 21 21.2161
Turn-15 2.718281828 21.108 21 21.2767
Turn-16 2.718281828 21.1077 21 21.2294
Turn-17 2.718281828 21.4606 20.9999 21.3178
Turn-18 2.718281828 21.5398 21 21.2702
Turn-19 2.718281828 21.0045 21 21.5316
Turn-20 2.718281828 21.3781 21 21.1789
Turn-21 2.718281828 21.5106 20.9999 21.2532
Turn-22 2.718281828 21.5302 21.139 21.1993
Turn-23 2.718281828 21.3126 21 21.2273
Turn-24 2.718281828 21.2775 21.1069 21.1659
Turn-25 2.718281828 21.2375 21 21.2659
Turn-26 2.718281828 21.2465 21.1227 21.4229
Turn-27 2.718281828 21.1716 21 21.2942
Turn-28 2.718281828 21.3572 21.325 21.1109
Turn-29 2.718281828 21.4105 21.1475 21.3028
Turn-30 2.718281828 21.1488 21 21.3446
Average 2.718281828 21.26042 21.03998667 21.27613

Standard Deviation 4.51681E-16  0.171459448 0.0779867 0.111071795

WILCOXON RANK-SUM 2.2248E-111 6.3971E-131 2.4593E-122
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Table 7.17 MOFDO, MODA, MOPSO, and NSGA-1Il (MMF-1 results)

Benchmarks

MMF1

Turns

O 00 N O ULl B W N

Mean
STD

P-value

Mean
0.220494064
0.195809057
0.316828801
0.176909381
0.126211628
0.166741545
0.176807596
0.134154594
0.177695266
0.163145725
0.137263541
0.197366791
0.147129978
0.122992008
0.208331008
0.201950099
0.250899609
0.167669972
0.140991095
0.223233145
0.141337645
0.227415454
0.208431094
0.114229087
0.186932075
0.1761374
0.16743679
0.233542962
0.158116342
0.254372623
0.184019212
0.045445864

Best
0.105646
0.103026
0.091739
0.06517
0.063471
0.089358
0.093818
0.08636
0.093219
0.093712
0.094979
0.091362
0.076518
0.076453
0.084784
0.080456
0.090904
0.108522
0.08052
0.075041
0.087594
0.094905
0.101706
0.078615
0.089298
0.094824
0.082952
0.111682
0.072613
0.087552
0.088227

Worst
3.543953
1.274311
0.963267
0.346557
0.378836
1.115436

2.40853
4.123824
1.530539
2.053542
0.602591
1.934955
0.603724
1.227907
6.482355
3.919223
6.090059
0.926954
1.325201
2.449195
0.884974
1.844236
0.664315
0.769521

0.70043
2.491466
2.415965
1.352158
2.685899
10.11013

2.240669

Mean
0.424244817
0.542845346
0.338186944
0.315942451
0.306009085
0.238792271
0.261299755
0.210556945
0.19740199
0.406721692
0.303852085
0.331447783
0.268167141
0.206372955
0.210298383
0.222346959
0.252647398
0.532653643
0.364247578
0.231918517
0.356875758
0.246186326
0.396322095
0.327865071
0.393579708
0.260574216
0.146594632
0.314714226
0.419825784
0.623563961
0.321735184
0.110864516
4.41881E-08

Best
0.160283
0.169664
0.135344
0.151968
0.183058
0.092079
0.102986
0.153264
0.101545
0.171911
0.143397
0.148963
0.105232
0.10116
0.109477
0.167351
0.111147
0.201104
0.092753
0.153665
0.135695
0.106983
0.221279
0.142835
0.137895
0.133813
0.091222
0.181354
0.118677
0.23139
0.141916
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Worst
0.529915
0.717629
0.479175
0.564066
0.723522
0.371919
0.386088
0.452644
0.464027
0.624904
0.529131
0.559782
0.501241
0.363955
0.424654
0.604766
0.381351
0.673186
1.145611
0.442817
0.533776
0.491178
0.735476
0.444101
0.476681
0.493611
0.275672
0.443771
0.520223

0.92263
0.542583

Mean
0.337568
2.089593
0.801761
1.076244
0.91446
0.27665
0.673809
0.777896
0.33168
0.281537
0.614164
0.393085
0.265113
0.587872
0.888002
1.953375
0.415541
1.553651
1.096948
0.830049
0.497367
1.294946
1.539361
2.106776
0.862589
0.610698
1.000146
1.139315
0.594026
0.506768

0.877033

0.530292
1.76E-09

Best
0.132947
1.485137
0.290654
0.410441
0.236259
0.096082
0.316312
0.40848
0.154481
0.117568
0.073823
0.04303
0.081689
0.260985
0.195393
1.335854
0.265941
0.699707
0.537195
0.125561
0.077906
0.571189
0.253792
1.000186
0.109066
0.184262
0.759731
0.22268
0.264271
0.145374

0.361867

Worst
1.61469
7.815159
1.00689
2417011
1.090711
0.875318
0.897928
18.05439
0.519446
0.418536
0.79877
1.575941
0.403481
0.679939
1.26068
18.54926
0.574782
3.594658
17.33246
0.9486
2.278821
7.598447
118.9634
2.268363
3.34267
6.082971
1.215569
56.2344
0.852636
9.702033

9.632266

Mean
0.00352
0.003334
0.004438
0.003552
0.003916
0.003583
0.001293
0.003777
0.003785
0.003271
0.003722
0.0037
0.003919
0.002948
0.003119
0.003482
0.003609
0.00302
0.00362
0.002985
0.00304
0.003526
0.00384
0.00362
0.004628
0.004192
0.003298
0.003614
0.003246

0.003861

0.003515

0.00058
1.41E-29

Best
0.002671
0.002037
0.003235
0.002644
0.002936
0.002019
0.000939
0.003026
0.002615
0.002412
0.002493
0.001967
0.002613
0.002171
0.001804
0.001918
0.002383
0.001836
0.002731
0.001647
0.001925
0.001882
0.002359
0.002744
0.001825
0.0027
0.002082
0.00236
0.002046
0.002262

Worst
0.005414
0.004482
0.005871
0.004566
0.005424
0.004363
0.002751
0.005205
0.005655
0.005624
0.004625
0.004849
0.007045
0.004627
0.004241
0.004584

0.00594
0.004591
0.006124

0.004
0.004726
0.004868
0.004841
0.005072
0.005816
0.005435
0.004012
0.005111
0.004233
0.005537

0.002276 0.004987787
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Table 7.18 MOFDO, MODA, MOPSO, AND NSGA-I1I (MME-2 results).

Benchmarks MMF2

Turns Mean Best Worst Mean Best Worst Mean Best Worst Mean Best Worst
1 0.10415 0.042603 0.392329 0.263710593 0.176003 1.74974 0.087489068  0.042178 0.393981  NaN 0 6.236517
2 0.106212 0.03444 1.065737 0.246677629 0.165642 0.466803 0.6158273  0.119171 1.828538  NaN 0 6.540795
3 0.090791 0.045086 2.174423 0.295205901 0.204537 2.135928 0.334609636  0.007784 1.059702  NaN 0 15.81373
4 0.035204 0.0173 0.639249 0.232954883 0.177173 2.294571 0.566678687 0.12937 1.463504  NaN 0 24.08798
5 0.108128 0.034024 1.835712 0.232733594 0.160934 2.056999 0.031972538  0.001517 0.190776 ~ NaN 0 55.1582
6 0.071242 0.021635 3.710047 0.314410012 0.203257 0.451427 0.199802675  0.031325 0.597394  NaN 0 12.81478
7 0.114308 0.029593 0.276629 0.253534167 0.184623 0.659288 0.359632308  0.043368 1721268  NaN 0 7.372137
8 0.062128 0.039781 1.553245 0.193790277 0.143242 0.445122 0.226837261  0.006009 13.04409  NaN 0 2.107909
9 0.118296 0.034765 1.262518 0.230113466 0.163671 0.541107 138415706  0.144502 18339  NaN 0 17.7101
10 0.106689 0.036885 1.190002 0.323794653 0.227966 1.230936 0.460119053  0.057221 1.035446  NaN 0 80.14186
11 0.058979 0.025723 0.174941 0.293605691 0.193893 3.038245 0.311188482  0.051438 2.336916  NaN 0 9.772417
12 0.086572 0.042766 0.220413 0.282508721 0.203821 0.394914 0.349381833  0.086618 3.216488  NaN 0 13.33163
13 0.103236 0.048239 0.37964 0.330166498 0.238674 0.424499 0.250097111  0.140858 1.64872  NaN 0 15.85728
14 0.084614 0.038253 0.899843 0.253647916 0.166715 0.729319 0.176827505  0.050716 0.401444  NaN 0 20.36475
15 0.065809 0.034435 0.395134 0.177928964 0.130982 1.080938 0.29488042  0.050932 1701687  NaN 0 9.949882
16 0.135908 0.081027 0.273623 0.212503615 0.143909 0.264839 0.31413053  0.178527 1578534  NaN 0 22.24762
17 0.134386 0.058794 1.59672 0.249669482 0.177441 0.323944 0.45973869  0.039749 2.015196  NaN 0 23.22014
18 0.086044 0.047371 2.108948 0.28352746 0.218902 0.951643 0.62779877  0.254576 2.296881  NaN 0 49.80878
19 0.106344 0.026542 0.408287 0.287889116 0.208182 0.998099 0.699021778  0.267098 459711  NaN 0 5.272455
20 0.11416 0.053951 1.41322 0.278338016 0.204195 0.622576 0.32899374  0.199078 1490572  NaN 0 15.90178
21 0.068455 0.034021 0.691523 0.246493113 0.180476 0.519913 0.425886254  0.113213 1.268957  NaN 0 17.03255
22 0.068829 0.042191 1.348942 0.311670449 0.233087 1.164496 0.149269447  0.040871 0.775143  NaN 0 82.12944
23 0.079205 0.034607 0.811516 0.288797613 0.186276 3.088039 0.437357432  0.018322 7092937  NaN 0 7.987966
24 0.084862 0.043348 0.519503 2.08E-01 0.16612 0.315008 0.296694611  0.026573 3.496328  NaN 0 2.64033
25 0.094307 0.028221 0.812387 0.279125193 0.205041 1.016997 0.32808839  0.109329 1.479076  NaN 0 37.62585
26 0.073687 0.035417 0.688562 3.01E-01 0.20602 3.33098 0.099063604 0.01608 0.274982  NaN 0 11.45158
27 0.072514 0.030863 0.438493 0.241720414 0.178619 0.714755 0.565125384  0.282557 1.626026  NaN 0 11.06373
28 0.126716 0.020418 0.536318 0.214801214 0.158256 0.282627 1.297628207 0.06576 183.8025  NaN 0 20.75984
pL} 0.085281 0.033765 0.367786 0.506546237 0.289103 1.243836 0.151659917  0.037318 1.288801  NaN 0 9.383675
30 0.085612  0.036871 1.011212 0.344455903 0.22415 0.742294 0.515930241  0.037353 4818113  NaN 0 75.20503

Mean 0.091089  0.037765 0.97323 0.272644304 0.190697  1.109329 0.411529598  0.088314  16.52558  NaN 0 22.96636

STD 0.023709 0.060637357 0.304118383
P value 5.48551E-22 3.45868E-07
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Table 7.19 MOFDO, MODA, MOPSO, and NSGA-IIl (MMF-3 results).

Benchmarks

MMEF3

Turns

O 00 N O ULl B W N

Mean
STD

P-value

Mean Best
0.084779 0.038524
0.077457 0.036256
0.059605 0.039026
0.100117 0.04231
0.077422 0.03228
0.108114 0.027324
0.122631 0.050723
0.102469 0.034689
0.086411 0.03991
0.091497 0.044113
0.05672 0.040027
0.102575 0.046794
0.093386 0.032412
0.08618 0.028388
0.08113 0.042276
0.125902 0.04339
0.056652 0.039104
0.06697 0.035667
0.085261 0.037882
0.081699 0.036301
0.091481 0.059609
0.097887 0.055834
0.08111 0.036888
0.113764 0.051096
0.109754 0.044486
0.077232 0.034394
0.095688 0.044539
0.107553 0.045184
0.121079 0.05101
0.093829 0.047402

0.091212 0.041261

0.018443

Worst
1.957016
0.450205
0.384787
1.180474
1.497297
2.150871
1.372592
0.934443
0.621877
0.506175
0.315149
1.14245
1.116024
1.361184
0.253492
1.065393
0.471591
0.439513
0.671729
0.523186
0.770977
1.262064
1.886861
0.983182
0.30913
1.202733
1.032611
2.576098
0.966368
1.254463

1.021998

Mean
0.547167586
0.580508034
0.513246506
0.724875427
0.468543813
0.663014437
0.649143454
0.338144107
0.439863293
0.679137732
0.302876335
0.324891601
0.308959509
0.209087774
0.57601224
0.448790909
0.762887165
0.276281643
0.30446839
0.343571357
0.447794856
0.517031317
0.635047408
2.40E-01
0.621841151
0.310414347
0.506119436
0.271030135
0.457029211
0.510637273

0.465946198

0.156619762
7.46013E-19

Best
0.419846
0.425026
0.347297
0.536558
0.360964
0.479454
0.489605
0.245327
0.311505
0.566539
0.192525
0.237682
0.224388
0.157153
0.420379
0.331241
0.573795
0.219368
0.211904
0.282308
0.298153
0.384079
0.454253
0.148547
0.449345
0.173037
0.338137
0.177205
0.334077

0.343327

0.337767

Worst
1.94971
1.165872
1.334269
3.227663
0.811757
1.635842
0.99914
0.48875
0.976723
1.713874
3.005671
0.44584
0.655155
0.510439
3.020181
4.119746
1.243596
0.429528
1.655647
0.588884
1.641
1.66454
3.890423
1.283179
2.990084
3.049095
2.040027
1.461569
1.100815

2.091346

1.706345
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Mean
0.096878
0.154699
0.253807
0.537981
0.149141
1.089914
0.305566
0.0593
0.280917
0.240371
0.033393
0.147509
0.377447
0.130558
0.285434
0.378291
0.288032
0.389604
0.402818
0.546145
0.175069
0.746734
0.29651
0.363439
0.362901
0.225872
1.354225
0.625668
1.143579

0.258115
0.389997

0.319535
3.73E-06

Best

0.004635
0.03414

0.074584
0.15662

0.025203
0.153097
0.145035
0.013408
0.010344
0.040408
0.002469
0.017725
0.018815
0.006005
0.062675
0.152816
0.03458

0.164753
0.181919
0.100805
0.060701
0.365027
0.036991
0.018324
0.019277
0.04898

0.060352
0.122618
0.003657
0.025304

0.072042

Worst
1.841466
0.758218
0.767995
4.267671
1.632161
155.2578
0.669544
0.37941
22.67627
11.19409
0.231078
0.35382
26.78053
1.311184
0.816336
1.126928
2.268135
1.013315
4.496757
2.203008
1.031299
1.835173
1.954739
16.00553
4.759344
1.042223
214.3836
2.440401
102.4654
24.53846

20.35006

Mean
3.638797
5.246135
4.63844
5.742251
5.207974
4.618232
4.03329
7.636254
8.004299
6.092482
5.748422
5.388575
4.869932
4.145873
7.782087
5.938083
4.920791
7.024639
6.013155
9.906555
4.008853
4.648376
3.688879
10.27648
7.2782
4.431331
8.803401
8.686266
3.493568
14.81083
6.224081

2.47732
1.24E-19

Best
0.003799
0.406897
0.032774
0.006092
0.006622
0.002799
0.008358
0.004527
0.034491
0.00466
0.309348
0.129474
0.004555
0.053366
0.007865
0.004213
0
0.003727
0.006989
0.014056
0.170831
0.163239
0.03245
0.007567
0.067008
0.007733
0.011057
0.043304
0.005534
0.017658
0.052367

Worst
8.750559
17.38011
14.34921
16.56828
14.86276
16.22396
11.17838
19.20256
22.0218
18.10488
16.4163
16.74938
13.77996
10.63949
20.19212
15.41965
14.0417
17.63984
15.73729
32.12804
11.75522
14.67967
10.93256
28.26593
17.98147
11.45199
25.84451
28.75343
9.802979
36.08623

0.004987787
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Table 7.20

MOFDO, MODA, MOPSO, and NSGA-I1l (MMF-4 results).

Benchmarks

MMF4

Turns

O 00 N O Ul B WN

Mean
STD

P-value

Mean Best
0.068065 0.046315
0.065766 0.047384
0.065584 0.045099
0.178983 0.057099
0.110828 0.04302
0.083989 0.043268
0.081525 0.044402
0.055768 0.044203
0.082976 0.044794
0.056352 0.04491
0.076258 0.044185
0.063004 0.044592
0.066291 0.043072
0.097672 0.049542
0.091103 0.044784
0.192679 0.050915
0.055011 0.042316
0.088726 0.048712
0.066082 0.041212
0.128383 0.047949
0.061288 0.045276
0.11747 0.044314
0.057525 0.042742
0.069109 0.046101
0.057872 0.046198
0.056579 0.041707
0.069669 0.042695
0.075159 0.045315
0.062017 0.043485
0.056929 0.043446

0.081955 0.045302

0.034049

Worst

0.130608
0.148289
0.110111
0.217984
0.214691
0.093854
0.154857
0.151517
0.188902
0.10986
0.201057
0.215516
0.222162
0.178349
0.392682
0.211903
0.184496
0.212478
0.098108
0.284853
0.126442
0.242057
0.238205
0.234371
0.182977
0.118318
0.168499
0.209132
0.198365

0.196493

0.187904

Mean
0.067045
0.071828
0.053603
0.072729
0.074663
0.071724
0.066893
0.066086
0.072517
0.061854
0.082545
0.074738
0.071066
0.058655
0.065032
0.065732
0.075193
0.062729
0.068282
0.063483
0.072446
0.068513
0.067276
0.065342
0.063014
0.067497
0.067473
0.071676
0.063833
0.06851

0.068066

0.005627
0.031476

Best
0.042134
0.043766
0.046381
0.043341
0.044058
0.045488
0.045905
0.041683
0.044418
0.04371
0.044463
0.053392
0.043688
0.036883
0.043527
0.044462
0.047631
0.04454
0.043007
0.041159
0.043235
0.044579
0.044055
0.044129
0.043077
0.042761
0.042721
0.038395
0.04305
0.043329

0.043766

Worst

0.143518
0.152347
0.157928
0.147485
0.167086
0.174811
0.139216
0.130992
0.137409
0.100654
0.427929
0.141161
0.108736
0.152073
0.145113
0.121093
0.136596
0.168035
0.170301
0.241931
0.161144
0.159872
0.163149
0.153521
0.149111
0.142883
0.192267
0.147847
0.15427
0.177203

0.162189

Mean
0.010122
0.005962
0.008495
0.006378
0.00958
0.005304
0.005254
0.005689
0.009262
0.006949
0.005881
0.004909
0.005056
0.005604
0.02346
0.017611
0.006019
0.008161
0.00581
0.006516
0.007492
0.006268
0.006534
0.008707
0.006691
0.00689
0.004454
0.009751
0.009374
0.006335

0.007817

0.003877
3.98E-17

Best
0.000389
0.000151
2.54E-04
3.66E-05
0.000223
5.87E-07
6.21E-04
1.41E-05
0.001133
1.08E-05
0.00025
2.14E-04
6.69E-05
2.80E-04
0.001175
0.000145
0.000217
4.19E-04
0.000198
0.00022
4.53E-04
0.000476
1.21E-04
4.98E-06
2.07E-04
5.97E-05
1.06E-03
0.000206
0.000538
0.000117

0.000309

Worst
0.025655
0.043754
0.018616
0.014455
0.019506

0.0153
0.029298
0.042552

0.018952
0.028618
0.016479
0.047565
0.031078
0.047251
0.030838
0.041181

0.04762
0.038433
0.048241
0.020621
0.036959
0.022548
0.034639
0.048865
0.037803
0.042373
0.012713
0.056809
0.021272
0.017541

0.031918

Mean
0.059008
0.043363
0.043856
0.035355
0.04264
0.047679
0.042262
0.044423
0.059103
0.047844
0.054144
0.044498
0.068511
0.040237
0.043802
0.052845
0.05801
0.065515
0.043441
0.057841
0.036296
0.041223
0.024153
0.064478
0.056728
0.032804
0.044181
0.040175
0.048051
0.052937

0.047847

0.010245
2.22E-06

Best
0.007177
0.005964
0.006202
0.004623
0.005415
0.006242
0.005701
0.005386
0.00449
0.004232
0.005986
0.004995
0.00572
0.004109
0.005982
0.005845
0.005871
0.007376
0.005232
0.005035
0.005853
0.004617
0.004366
0.005299
0.005787
0.005314
0.005874
0.003993
0.005121
0.004416

0.005407

Worst
0.167588
0.113527

0.11794
0.103444
0.123774
0.127337
0.111129
0.143678
0.161737

0.13236

0.1345
0.135164
0.176275

0.117105
0.120184
0.167444
0.161729
0.190736
0.114747

0.15564
0.107767
0.088688
0.066276
0.163947
0.156067
0.088825
0.126569
0.110906
0.122411

0.136688

0.131473
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Table 7.21 MOFDO, MODA, MOPSO, and NSGA-IIl (MME-5 results).

Benchmarks

[EEY

O oo NO UL b WN

Mean
STD

P-value

0.058761
0.086339
0.061651
0.131904
0.070698
0.088216
0.068484
0.078508

0.07616
0.064971
0.093017
0.093082
0.121075
0.062287
0.104171
0.075308
0.071016
0.068888
0.059978
0.082846
0.067433
0.085861
0.074119

0.11985
0.125667
0.073101
0.077393
0.071463
0.060165

0.077638

0.081668

0.020304

0.042854
0.043441
0.044167
0.042135
0.042954
0.040173
0.040065
0.044696
0.038362
0.042678
0.043814
0.039381
0.038609

0.03965
0.034676
0.043184
0.038267
0.038849
0.040828

0.04442
0.037242
0.039768
0.040656
0.040002
0.041455
0.042642

0.04345
0.040843
0.038751
0.043109

0.041037

0.266174
0.318752
0.157686
0.426281
0.276834
0.262326
0.306295
0.188402
0.278852
0.250401
0.313482
0.370593
0.487966
0.339246
0.267668
0.264185
0.171571
0.262467
0.652225
0.288648
0.261327
0.196903
0.257869
0.239178
0.422414
0.220827
0.157248
0.202918
0.180081
0.328188

0.287233

0.342665195
0.254168582
0.499170484
0.330967362
0.414153221
0.295305827
0.406784923
0.309161957
0.305869197
0.358801254
0.388912402
0.296034848
0.306677128
0.291737053
0.483651979
0.476073695
0.426275075
0.554533474
0.252974873
0.411192577
0.376384672
0.292150056
0.462054289
0.376544971
0.488656436
0.255850019
0.312484605
0.292852459
0.366625361
0.326223595

0.365164586

0.0818221

6.57481E-26

0.154994

0.11714
0.130816

0.11589

0.13925
0.124832
0.127121
0.134701
0.140587
0.126277
0.173199
0.112002
0.133427
0.132149
0.178373
0.144073
0.110187
0.229398
0.092978

0.16042
0.157083
0.156221
0.228262
0.193593
0.135407
0.104231
0.115062
0.144876
0.128299
0.154354

0.143173
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0.577333
0.515963

0.63566
0.610961
0.654167
0.578512
0.567568
0.646964
0.634894
0.615132
0.574522
0.584467
0.706275
0.600693
0.651472
0.694433
0.708735
1.254119
0.564398
0.720554
0.651709
0.457231
0.598162
0.742632
0.644192
0.583478
0.668592
0.649004
0.612893
0.625531

0.644342

0.095127
0.263604
0.144129
0.077782
0.333817
0.13613
0.308921
0.249053
0.103315
0.097469
0.364099
0.309708
0.139453
0.338092
0.104
0.332599
0.122754
0.225924
0.122619
0.261088
0.091254
0.093497
0.363137
0.081727
0.321992
0.243095
0.09931
0.239066
0.407113
0.139507

0.206979

0.106891

4.21E-08

0.034214
0.173663
0.09057
0.036762
0.178625
0.076685
0.23712
0.11679
0.051704
0.030599
0.245704
1.93E-01
0.074148
0.281924
0.061414
0.215738
0.080754
0.149533
0.052407
0.138601
0.019521
0.029476
0.282083
0.030801
0.054635
0.204341
0.043391
0.157913
9.67E-02
0.092103

0.117701

0.256507
0.326297
0.217503
0.113996
0.360566
0.192922
0.360597
0.287337
0.164701
0.160319
0.441107
0.359882

0.215529
0.379939
0.155917
0.379982
0.174022
0.279771
0.178968
0.32102
0.147151
0.188755
0.408341
0.145194
0.367882
0.2697
0.190081
0.295083
0.464189
0.193982

0.266575

0.184658
0.274538
0.094742
0.275856
0.455223
0.274763
0.185129
0.364239
0.274429
0.094455
0.184929
0.094439

0.18498
0.095989

0.18509
0.094944
0.094962
0.184788
0.274026
0.364418
0.454569
0.364539
0.183844
0.094451
0.454731
0.274856
0.185067
0.184488
0.274975
0.454878

0.238766

0.119541

2.02E-09

0.183084
0.272962
0.092775
0.273984
0.453092
0.273706
0.183688
0.363015
0.272822
0.093114
0.182925
0.092827
0.183105
0.093649
0.183174
0.094041

0.09303
0.182939
0.272574
0.362625
0.452899
0.362935
0.182632
0.092729
0.452825
0.272794
0.183245
0.183127

0.27312

0.453482

0.237097

0.185805
0.275806
0.096358
0.278548
0.457472
0.276276
0.187171

0.36528
0.275574

0.09595
0.186924

0.096245

0.187122
0.098882

0.18659
0.096599
0.096498
0.187986
0.275515
0.366075
0.456095
0.365858
0.185045
0.096709
0.456468
0.277152
0.187019
0.185851
0.276677
0.456139

0.24052293
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Table 7.22 MOFDO, MODA, MOPSO, and NSGA-IIl (MMEFE-6 results).
Benchmarks MMF6
Turns Mean Best Worst Mean Best Worst Mean Best Worst Mean Best orst
0.061719 0.041446 0.186138 0.211677942 0.115977 0.589646  0.791503  0.352781 29.69857 0.20329  0.201724 0.204627
0.061891 0.045025 0.121301 0.409147066 0.131847 0.617439  12.87504  5.981841 13.3063  0.402303  0.400053 0.403813
0.058107 0.043749 0.137796 0.720307236 0.418557 1.337886  0.217459  0.077238 0.391947  0.601866  0.600108 0.604107
4 0.057401 0.0434 0.179202 0.704779087 0.198937 1.294991 0.83255  0.442638 1.761646  0.800414  0.798052 0.801798
0.05143 0.043358 0.114705 0.745277677 0.364153 1.450068  8.786474  3.766783 9.090508  0.799902  0.798561 0.80174
6 0.062477 0.044049 0.657506 0.224987714 0.112095 0.604905 0.61281  0.215423 0.814224  0.601331 0.59978 0.602862
0.069646 0.048162 0.141105 0.788831987 0.481106 1268132  0.811991  0.356405 25.16252 0.79955  0.798415 0.800808
8 0.070074 0.03751 0.338529 0.352129598 0.137487 0.583561  1.208224  0.464601 4123893  0.998992  0.997444 1.000717
9 0.065925 0.042528 0.105407 0.623082605 0.123966 1279473  17.01873  12.24286 17.41893  0.999844  0.998292 1.002232
0 0.061536 0.04335 0.112416 0.257059264 0.129659 0.622848  0.552397  0.311971 0.865906  0.801761  0.800494 0.803534
0.063328 0.0418 0.112428 0.284495325 0.117068 0.621197  30.64494  20.19228 31.51784  0.602065  0.599098 0.603699
0.069486 0.043441 0.134558 0.282326009 0.126139 0.584288  3.772073  2.738782 4026601  0.601538  0.599323 0.60273
0.064672 0.044613 0.12663 0.282547482 0.123516 0.57591  2.428836  1.442226 2706455  0.999696  0.997117 1.001102
4 0.063433 0.044907 0.134274 0.629334868 0.17436 1.147905 418307  0.817082 4713362  0.600537  0.599209 0.601707
0.05945 0.042832 0.138099 0.91607027 0.533465 1.643228  8.027372  5.367901 830296  0.799948  0.797039 0.801812
6 0.063659 0.042584 0.144464 0.86026168 0.197047 2275823  16.83357  8.743896 17.59981  0.203306  0.201755 0.20491
0.055986 0.047117 0.162126 0.843637383 0.101479 1.479815  0.771846  0.400083 1.499057  0.799455  0.797563 0.800997
8 0.064585 0.04483 0.43336 0.239448791 0.096497 0.46103  0.499996  0.230723 0.79208  0.799938  0.797876 0.800857
9 0.068262 0.044564 1.364531 0.370701898 0.142039 0.592956  0.657861  0.322864 132208  0.402651  0.401007 0.40417
0 0.05891 0.043222 0.170584 0.382515164 0.120984 0.590596  4.786278  3.385939 60.80077  0.999065  0.997877 1.000835
0.06977 0.039186 0.917843 0.58445248 0.10415 1269762  0.905559  0.489265 252698  0.602784  0.600464 0.604936
0.059752 0.0445 0.972598 0.398403927 0.205273 0.69911  3.844299  1.178836 4131045  0.801481  0.799338 0.802933
0.072331 0.04543 0.195327 0.358309854 0.162596 0.517463  6.079134  5.030467 6.471165  0.998884  0.996633 1.000254
4 0.056392 0.044181 0.175074 0.701036796 0.4651 1241912  4.669282 3.06695 31.03677  0.998813  0.997437 1.000094
0.064593 0.047843 0.119481 1.060530908 0.173945 1.809226  5.685612  3.299648 82.27643  0.203201  0.202232 0.204104
6 0.063388 0.045243 0.121893 1.162394093 0.627163 1.94929  3.632143  1.054373 4092462  0.204313 0.20216 0.206696
0.066177 0.043433 1.08732 1.185392696 0.315548 2431437  13.69369  10.44628 83.32127  0.999714  0.997706 1.001184
8 0.05464 0.04437 0.12788 0.239213624 0.096399 0.549224 5.00293  2.523308 5375199  0.999248  0.997722 1.001319
9 0.06485 0.041853 0.091746 0.501063604 0.233823 0.708389  9.177092  7.433983 29.84103  0.601407  0.599803 0.602812
0 0.072077 0.037581 0.246099 0.940980475 0.13376 1.819145  17.21408 14.15701 32.34285  0.799745 0.797601 0.80099
Mean 0.063198  0.043537 0.302347 0.575346584  0.215471 1.087222 6.207228  3.884481  18.48152 0700901 0699063 0702479
STD 0.005272 0.297528396 7.052953 0.265075
P-value 2.64131E-13 1.28E-05 4.39E-19
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Table 7.23 MOFDO, MODA, MOPSO, and NSGA-IIl (MME-7 results).

Benchmarks

MMF7

Turns

[EEY

O 00 NO U b WN

Mean
STD

P-value

Mean
0.133808
0.204403
0.152217
0.151322
0.169606
0.13455
0.127488
0.151414
0.13556
0.12726
0.178995
0.16461
0.176257
0.144432
0.129102
0.137834
0.116016
0.156725
0.128374
0.133902
0.154342
0.16441
0.161709
0.156768
0.196252
0.157791
0.120045
0.129504
0.134603
0.126885
0.14854
0.021977

Best
0.098323
0.09867
0.087591
0.091344
0.104195
0.083562
0.063146
0.083527
0.070911
0.077415
0.090592
0.080213
0.09567
0.078715
0.078764
0.093483
0.083435
0.083746
0.085021
0.079055
0.097643
0.098256
0.11106
0.083111
0.119912
0.096372
0.050052
0.078853
0.101708
0.068348
0.08709

Worst
0.192533
0.316447
0.310538
0.307859
0.278306
0.186136
0.281021
0.198764
0.198283
0.165052
0.257357
0.214004
0.298141

0.17526
0.286285
0.209884
0.184425
0.208571
0.177069
0.176588
0.244127
0.277289
0.272839
0.249155
0.357595
0.222808
0.246939
0.162853
0.191336
0.240619

0.236269

Mean
0.364220298
0.328806164
0.313982772
0.242563531
0.24819494

0.319281247
0.375195935
0.341579073
0.376968441
0.251938004
0.305557735
0.284083932
0.387325863
0.290710299
0.290118855
0.380844563
0.343469849
0.296174986
0.291524983
0.449648124
0.347269179
0.345142191
0.327483163
0.329559665
0.439384137
0.378282666
0.309182084
0.320048618
0.317643028
0.335111988
0.33104321

0.049375125

5.34254E-26

Best
0.122128
0.088251
0.090091
0.090388
0.102042
0.136041
0.097099
0.113551
0.080033
0.126092
0.149827
0.147723
0.186205
0.139258
0.155626
0.105317
0.107328
0.071974
0.15067
0.132493
0.105374
0.101199
0.156429
0.124762
0.104513
0.123467
0.102406
0.08677
0.109758
0.151917
0.118624

96

Worst
0.431426
0.3843
0.399679
0.329969
0.336104
0.397335
0.442276
0.545394
0.415212
0.3208
0.347519
0.328508
0.613806
0.414848
0.348069
0.419731
0.413472
0.38763
0.448651
0.491965
0.404192
0.42566
0.408769
0.384105
0.495381
0.528854
0.416038
0.333877
0.376447
0.469699
0.415324

Mean
0.365338
0.384818
0.431478
0.184616
0.288463
0.472573
0.432481
0.404453
0.414012
0.291259
0.279403
0.297098
0.539703
0.477517
0.199559
0.206152
0.353907
0.307921
0.441219
0.416028
0.391153
0.206447
0.558678
0.344567
0.247317
0.352179
0.495896
0.366847
0.226339
0.464317
0.361391
0.103699

8.12E-16

Best
0.131032
0.233493
0.123611
0.027966
0.137162
0.164611
0.173554
0.097405
0.14614
0.14381
0.101495
0.159913
0.15094
0.077103
0.042627
0.105015
0.113759
0.080539
0.298309
0.204969
0.125674
0.092041
0.102895
0.082891
0.026974
0.115613
0.31235
0.160405
0.080135
0.153697
0.132204

Worst

1.08539
1.859289
4.202138
0.344224
0.561741
0.937506
0.680845
0.630326
0.662442
0.398492
0.448688
0.466743

2.34792
0.709601
0.322566
0.333725
0.491962
0.449399
1.271128
0.596444
0.559614
0.334527
0.781256

0.64907
0.385195
0.541867
5.522353
0.497246
2.241369
0.682671
1.033191

Mean
0.264092
0.133536
0.524079
0.394161
0.263479
0.263702
0.524341
0.653979
0.524038
0.394017
0.523739
0.524049
0.13389
0.134114
0.654164
0.39345
0.394143
0.263721
0.524004
0.264101
0.264134
0.264384
0.52412
0.394505
0.264077
0.653791
0.523958
0.263659
0.524113
0.653761
0.402643
0.163531

1.15E-11

Best Worst

0.262732
0.132508
0.522824
0.391929
0.262468
0.262688
0.522945
0.652746
0.52281
0.392876
0.522735
0.52305
0.133035
0.132845
0.652449
0.392417
0.393255
0.262869
0.522787
0.263105
0.262871
0.263202
0.522636
0.393128
0.262377
0.65286
0.523116
0.262734
0.521643
0.652543
0.401406

0.265971
0.136179
0.525107
0.395171
0.264913
0.265135
0.525652
0.654794
0.525893
0.395125
0.524334
0.525495
0.135415
0.135186
0.655405
0.395262
0.397056
0.265086
0.527088
0.266219
0.265293
0.265357
0.526076
0.395914
0.265003
0.654667
0.525614
0.264464
0.525416
0.655429
0.404124
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Table 7.24 MOFDO, MODA, MOPSO, and NSGA-I1l (MME-8 results).

Benchmarks

Turns

[EEY

O 00 NO UL b WN

Mean
STD

P-value

Mean
0.256761
0.063414
0.209949
0.156378
0.251901
0.012783
0.24665
0.205224
0.270119
0.037532
0.265063
0.195461
0.05018
0.217414
0.140011
0.229326
0.219207
0.06555
0.224005
0.011202
0.258727
0.063408
0.068767
0.081291
0.186683
0.095966
0.028385
0.229482
0.164993
0.159301
0.155504

0.086999

Best
0.069952
0
0.107351
0
0.053052
0
0.056461
0
0.084097
0
0.065034
0.058826
0
0
0.06458
0.075649
0.08357
0
0.086426
0
0.000211
0
0
0
0.087727
0
0
0.04996
0.054935
0.032041
0.034329

Worst
0.999079
3.79104
0.451057
4.378301
0.872509
1.768225
0.692334
3.240014
3.621273
0.910817
2.361753
1.34531
2.692286
1.737457
1.416442
0.704402
0.862595
1.986759
0.581109
1.782114
0.744853
3.011561
1.34238
1.999493
1.543292
1.998684
1.969312
0.654455
4.211855

0.46967
1.804681

Mean
0.11998
0.120133
0.136118
0.119577
0.088139
0.120201
0.120363
0.654201
0.132047
0.087705
0.145964
0.107649
0.145465
0.091528
0.181511
0.156965
0.083022
0.118271
0.113113
0.144591
0.194541
0.112298
0.112368
0.127759
0.155693
0.108287
0.097261
0.124774
0.095497
0.131837

0.141562

0.100305
0.567418

Best
0.046088
0.042998
0.04582
0.061766
0.04582
0.038749
0.046229
0.04358
0.045678
0.042833
0.062814
0.038619
0.045115
0.046418
0.038814
0.045749
0.046097
0.044619
0.046044
0.038381
0.043216
0.040497
0.042337
0.045867
0.045783
0.050196
0.045174
0.046184
0.0421
0.037972
0.045052

97

Worst
2.001654
2.04711
5.122521
0.217931
2.001351
1.998705
2.018883
1.91393
2.00856
0.349952
11.15846
2.017579
5.392312
1.063855
4.479774
2.005064
0.60878
2.015825
3.00721
3.926212
5.027089
2.618328
1.267595
2.474589
5.008834
0.28392
2.531623
2.010187
1.578575
1.99763
2.671801

MMF8

Mean

0.032736
0.013714
0.027413
0.047004
0.010111
0.026759

0.04834
0.042379
0.013225
0.041157
0.029985
1.482583
0.034793
0.075572
0.019239
0.025308
0.018727
0.023785
0.036512
0.056197
0.011216
0.0349
0.024748
0.027247
0.018514
0.019245
0.068612
0.051172
0.021187
0.035238
0.080587

0.265287
0.147032

Best

0.000217
0.002529
0.005582
0.025953
0.005027
4.87E-05
0.000383
0.001395
0.001711
0.000695
0.003798
0.002401
0.000486
0.035477
0.003408
0.000437
0.002349
0.016981
0.00079
0.034468
0.000829
0.003003
0.001813
0.002674
0.000112
0.000142
0.010051
0.003363
0.002974
0.000108

0.00564

Worst
0.518596
0.235209
0.469995
0.460587
0.061631
0.100412
2.586445
0.265586
0.041528
0.316319
0.22922
293.7408
0.447438
0.418178
0.502448
0.190967
0.280299
0.156484
0.433535
0.223679
0.055789
0.39859
1.055577
0.349331
0.373072
0.412662
0.252935
0.511225
0.117821
0.471892
10.18927

Mean
0.009825
0.010459
0.008936
0.010432
0.010997
0.009451
0.010576
0.007834

0.01058
0.00955
0.010915
NaN
0.009947
0.010538
0.002132
0.008858
0.010058
0.011023
0.009493
0.009827
0.009919
0.010329
0.011533
0.009222
0.018707
0.021287
0.009779
NaN
0.008244
0.010365

0.010386

0.003217
3.59E-12

Best

0.004902
0.007177
1.63E-05
0.006007
0.007243
0.00597
0.004776
0.00055
0.004136
0.006381
0.006202
0.010796
0.001597
0.008064
8.23E-08
0.001219
0.002272
0.006623
0.000926
0.004605
0.007737
0.005134
0.005928
0.001783
0.003779

0

0.004985
0.005385
0.000101
0.001169
0.004182

0.030312
0.022051
0.013755
0.030546
0.031802
0.015485
0.036378
0.015426
0.031561
0.020848
0.024883
0.03013
0.022353
0.019642
0.01526
0.014523
0.027307
0.033441
0.013731
0.023892
0.025192
0.021663
0.042556
0.01823
0.056694
0.116222
0.018608
0.009623
0.013364
0.03483
0.027677
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Table 7.25 MOFDO, MODA, MOPSO, and NSGA-IIl (MME-9 results).

Benchmarks MMF9

Mean Best Worst Mean Best Worst Mean Best Worst  [Mean Best orst
0.4111 0.338753 1.527488 1.37838964 0.960585 1.720277 0.051557 0.001534 0.154504 NaN 0.003235 0.003495
2 0.415428 0.365296 1.761888 1.348849835 0.576741 2.28032 0.039018 0.002082 0.341168 NaN 0.004193 0.004502
3 0.429423 0.299619 0.804695 1.269031995 0.740967 1.9881 0.036812 0.003442 0.156217 NaN 0.003378 0.003386
4 0.434613 0.332124 1.861649 1.271834817 0.890767 2.24864 0.046917 0.001555 0.171651 NaN 0.003171 0.00382
5 0.473714 0.319339 2.846362 1.25613177 0.679745 1.793378 0.040971 0.000464 0.14717 NaN 0.004296 0.005378
6 0.441396 0.336329 1.995687 1.259712252 0.938811 1.688139 0.040142 0.003812 0.394685 NaN 0.002223 0.002615
7 0.423083 0.324146 1.187994 1.602358803 1.191858 1.983915 0.065733 0.001798 0.236487 NaN 0.004721 0.007085
8 0.381137 0.334123 1.463316 1.182892498 0.589616 2.212253 0.035395 0.001161 0.298707 NaN 0.002357 0.003297
9 0.362528 0.278039 1.882721 1.384526177 0.797484 2.225364 0.03523 9.63E-05 0.275358 NaN 0.003887 0.003887
10 0.389446 0.274704 1.111939 1.096748431 0.690815 1.975258 0.03952 0.003157 0.191937 NaN NaN NaN
11 0.509932 0.389881 2.800362 1.648207002 1.076774 2.41306 0.033569 0.004718 0.353711 1.251885 0 1.671873
12 0.294365 0.229237 1.193053 1.398831218 0.953363 2.064759 0.066068 0.003107 0.34443 NaN NaN NaN
13 0.539985 0.368595 2.701657 1.36892283 0.6555 2.560592 0.040128 0.004323 0.726787 0.925744 0 1.228788
14 0.443836 0.259045 3.267564 1.238349943 0.880946 1.819613 0.033704 0.002722 0.177715 NaN 0.002514 0.003042
15 0.522454 0.200433 2.065635 1.376774354 0.592099 2.382176 0.037558 0.004151 0.482708 NaN 0.003089 0.003773
16 0.359737 0.31622 1.115081 1.264295494 0.64797 2.260717 0.089715 0.00486 0.322682 NaN 0.003429 0.00384
17 0.314988 0.243888 1.492403 1.232524066 0.727256 1.941673 0.063497 0.008585 0.445918 NaN NaN NaN
18 0.670327 0.461876 2.221537 1.272816529 0.623218 1.728147 0.036478 0.001998 0.109311 1.118029 0 1.831661
19 0.594567 0.490677 1.37475 1.228233513 0.649261 1.654772 0.040328 0.001297 0.553845 NaN NaN NaN
20 0.462744 0.391495 1.093302 1.240510593 0.638363 2.294667 0.043578 0.003172 0.295183 NaN NaN NaN
21 0.282593 0.181035 1.070801 1.102848726 0.862488 1.688865 0.032693 0.000205 0.190976 NaN NaN NaN
22 0.665793 0.502496 1.391053 1.596572337 1.342856 1.857835 0.042656 0.004645 0.352363 NaN NaN NaN
23 0.56703 0.324771 2.450823 1.470503263 1.022883 2.120174 0.039196 0.001295 0.207795 NaN 0.003179 0.003179
24 0.461532 0.240645 1.349616 1.299268425 0.683282 2.453327 0.049447 8.67E-05 0.387086 NaN 0.002229 0.0026
25 0.378211 0.316749 0.599627 1.515688342 0.674426 2.14423 0.071434 0.004329 0.726065 NaN 0.003365 0.004518
26 0.512082 0.317171 2.80193 1.433426836 0.832502 1.756562 0.17379 0.074978 0.6518 0.559126 0 0.799146
27 0.808148 0.487434 1.666529 1.521907646 0.638626 2.014889 0.043871 0.002545 0.337229 NaN 0.004598 0.004826
28 0.486577 0.425009 2.405601 1.341004855 0.579045 2.104603 0.038867 0.003404 0.202279 NaN 0.003968 0.003968
29 0.699918 0.477401 1.330119 1.188347962 0.639461 2.057927 0.078225 0.003391 0.150576 NaN 0.001939 0.003576
30 0.459694 0.38596 1.44725 1.193166617 0.601243 2.191492 0.032201 0.002927 0.273468 NaN 0.00388 0.005644
Mean 0.473213 0.340416 1.742748 1.332755892 0.779298 2.054191 0.05061 0.005195 0.321994 0.963696 0.002767 0.243822
STD 0.121966 0.142753053 0.02749 0301103
P-value 8.12705E-33 5.09E-26 5.83E-07
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Table 7.26 MOFDO, MODA, MOPSO, and NSGA-11l (MMFE-10 results).

Turns

O oo NOULL B WN -

e Y
U D WN R O

16

W NN NDNNNDDNNDNNNDNR R B
O WO NOU D WNE O OO

Mean
STD

P-value

Mean
0.618851
0.487591
0.319867
0.565169
0.323806

0.55497
0.442292
0.466287
0.255233

0.25177
0.373143
0.444275
0.434638
0.344719
0.415382
0.516017

0.7651
0.364528
0.560456
0.614157
0.320528
0.589331
0.522394
0.609984
0.400151
0.399128
0.399352
0.289697
0.327926
0.285609
0.442078

0.127789

Best Worst Mean Best Worst Mean Best Worst

0.305382 1.209258 1.282466539 0.709195 1.602153 0.056622 0.00368 0.302445
0.321791 1.053768 0.832315286 0.740362 1.424847 0.098738 0.003657 0.43841
0.208944 0.865587 1.094142406 0.685271 1.405454 0.068218 0.001718 0.373974
0.491312 1.464831 1.277681059 0.728985 1.487211 0.065729 0.003452 0.498293
0.242983 0.879524 1.067443879 0.804283 1.511369 0.049923 0.003823 0.376988
0.346104 1.037213 0.942882102 0.698973 1.444199 0.107634 0.001845 0.594766
0.314469 1.05364 0.870338438 0.678265 1.497459 0.081421 0.003772 0.500905
0.33186 1.150756 0.973150274 0.687746 1.461834 0.103403 0.003005 0.200422
0.177556 0.667876 0.947158906 0.696797 1.458209 0.15985 0.008131 0.392424
0.194186 1.008037 1.002488177 0.783166 1.417179 0.104594 0.008203 0.369059
0.250061 0.906406 0.830282153 0.719324 1.437384 0.113303 0.002611 0.306373
0.287291 1.363992 0.989264838 0.665376 1.52615 0.143665 0.007704 0.528136
0.42003 0.983239 1.116187193 0.692962 1.454358 0.138874 0.004772 0.386394
0.268354 0.495839 0.807575372 0.71968 1.433654 0.090778 0.002326 0.389693
0.292125 1.423748 1.052150083 0.614803 1.753753 0.175985 0.002372 0.622802
0.247435 1.587995 1.13466267 0.73082 1.64102 0.1385 0.005971 0.422472
0.426241 1.37658 1.078556955 0.628474 1.730958 0.120239 0.003555 0.508095
0.270977 0.609703 0.866625657 0.654699 1.497805 0.084149 0.003903 0.176513
0.308841 1.159543 0.825774889 0.621046 1.507994 0.058618 0.003071 0.498436
0.496819 1.471247 0.795106526 0.731676 1.471101 0.058102 0.003502 0.329018
0.268243 0.845071 1.025141579 0.722042 1.441835 0.035525 0.002812 0.177415
0.475753 1.257925 1.285031982 0.769486 1.439002 0.071549 0.006486 0.680747
0.409689 1.008844 0.825064986 0.73503 1.379532 0.108981 0.002274 0.234099
0.380296 1.430632 0.872747781 0.71644 1.394758 0.046456 0.003927 0.343982
0.358158 0.974749 0.862046856 0.722851 1.404882 0.032766 0.003038 0.180131
0.211734 1.103546 0.873186141 0.681142 1.468642 0.077603 0.004023 0.523442
0.276924 1.12088 1.061081373 0.574966 1.528795 0.125445 0.003983 0.399904
0.258498 1.014888 1.080672835 0.718244 1.469521 0.040324 0.004069 0.232033
0.268528 1.456195 1.034432863 0.648346 1.487937 0.043576 0.00328 0.370919
0.202884 1.085655 1.310809486 0.73654 1.689883 0.104709 0.002961 0.320753
0.310449 1.102239 1.000548976 0.700566 1.495629 0.090176 0.003931 0.389301

0.154296479 0.038557
5.57562E-22 7.3E-21

99

Mean
NaN
7.193954
NaN
NaN
NaN
0.598872
NaN
NaN
NaN
NaN
NaN
NaN
NaN
NaN
NaN
NaN
NaN
NaN
NaN
NaN
NaN
NaN
NaN
NaN
NaN
NaN
NaN
NaN
NaN
NaN
3.896413
4.663427
5.74E-06

Benchmarks | MMF10

Best
0.001977
0
0.003252
0.002175
0.00325
0
0.003232
0.002635
0.003973
0.00322
0.002431
0.002186
0.004096

NaN
0.00267
0.003599

NaN

0.002366
0.002793
0.003419
NaN

0.002499
0.003485
0.003952
0.002944
0.002528
NaN

0.002958
0.005543
0.003543

0.002874

Worst
0.002519
10.6601
0.003843
0.002574
0.00325
0.714941
0.003232
0.002877
0.003973
0.004395
0.002585
0.002944
0.004096

NaN
0.00337
0.003599

NaN
0.003127
0.002793
0.003419
NaN
0.002499
0.003485
0.003952
0.002944
0.002528
NaN
0.002958
0.007938
0.003543

0.440672
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MOFDO, MODA, MOPSO, and NSGA-I1I (MMEFE-11 results).

Benchmarks

MMF11

Turns

O 00N O UL B WN -

T
U WN R O

16

W NN N DNNDNDNDNDNNDNDRRER R
O W o NOULL B WN P O O 0

Mean
STD

P-value

Table 7.27

Mean Best
0.059602 0.031635
0.107179 0.064576
0.073419 0.050057
0.080857 0.070625
0.073047 0.045769
0.092138 0.063506
0.118914 0.075636
0.077763 0.059651
0.091232 0.054297
0.075754 0.053699
0.096209 0.061463
0.133065 0.056347
0.106016 0.087676
0.057793 0.041542
0.107432 0.070917
0.086704 0.078623
0.105115 0.059548
0.126726 0.105001
0.094428 0.05458
0.080393 0.071527
0.052122 0.033036
0.093935 0.048356
0.110667 0.067949
0.095355 0.066607
0.066524 0.058619
0.091189 0.072954
0.089503 0.060775
0.087771 0.057744
0.123408 0.076256
0.12382 0.107637
0.092603 0.063554
0.020985

Worst
0.338
0.290001
0.230972
0.219346
0.235828
0.287841
0.213125
0.242102
0.379903
0.232302
0.253463
0.278398
0.273579
0.236582
0.246849
0.197928
0.389692
0.349186
0.263377
0.204152
0.169058
0.258794
0.381803
0.226959
0.344592
0.193247
0.200757
0.356398
0.322225
0.260519
0.269233

Mean
1.254312396
1.056786916
0.985383786
1.312654164
1.118695623
1.504312032
1.311073033
1.395408721
1.627949215
1.503586376
1.429653025
1.294992032
1.325197655
1.185627153
1.174917039
1.327922676
1.243822335
1.19409982
1.149284086
1.41035396
1.298353057
1.476103571
1.449054314
1.180471289
1.532896233
1.336453511
1.201124925
1.549789939
1.379551922
1.026894705
1.30789085
0.162286416
2.44568E-44

Best
0.599874
0.702326
0.628495
0.56738
0.624748
0.963869
0.643857
0.782576
0.809694
0.581816
0.994763
0.630715
0.55696
0.567032
0.598677
0.722575
0.631838
0.582535
0.611635
0.619574
0.658861
0.979187
0.585112
0.567304
1.108946
0.631029
0.510034
0.813811
0.640831
0.626438
0.68475

100

Worst
2.25025
1.720209
2.126213
2.409353
2.029237
2.102595
1.696592
2.361028
2.811092
1.743087
2.462224
2.392906
2.10815
2.450962
1.803766
2.58331
2.261931
2.354158
2.240894
2.14358
2.620545
2.406818
2.37246
2.185119
2.182825
2.018952
2.628413
2.247439
2.328841
2.075783
2.237291

Mean

0.096379
0.169852
0.048799
0.098291
0.079824
0.057683
0.055088

0.06515

0.158469
0.108614
0.131484
0.075978
0.064638
0.057333
0.058907
0.053672
0.079123
0.058475
0.159135
0.253974
0.155238
0.063507
0.072206
0.048759
0.067342
0.100047
0.049645
0.048785
0.192589
0.058417
0.092913
0.051555
0.975721

Best
0.003413
0.013981
0.004429
0.004327
0.004763
0.004312
0.003665
0.001563
0.00442
0.002661
0.004504
0.004403
0.003665
0.004336
0.001873
0.003268
0.00481
0.004039
0.00425
0.007604
0.003661
0.003182
0.003649
0.004254
0.004663
0.00262
0.004145
0.004088
0.003302
0.002595
0.004215

Worst

0.524971
0.565111
0.259977
0.741973
0.623726
0.419128
0.887333
0.262334
0.484819
0.425002
0.570466
0.293995
0.300246
0.238862
0.507086
0.199384
0.252678
0.408949
0.622378
0.842439
0.714036
0.527941
0.311601
0.306995

0.43252

0.375853
0.371306
0.713417
0.705061
0.999315
0.496297

Mean
NaN
NaN
NaN
NaN
NaN
NaN

0.772799
NaN
NaN

1.91995
NaN
NaN

0.42102
NaN
NaN
NaN
NaN
NaN
NaN
NaN

0.847812
NaN
NaN
NaN
NaN
NaN
NaN

1.941347
NaN
NaN

1.180586

0.703453

1.36E-10

Best
0.003551
0.004718
0.00213
0.002259
0.004181
0.003514
0
0.003044
0.003141
0.003627
NaN
0.004262
0.003935
0.003868
0.003682
0.002981
0.003459
0.004119
NaN
0.004599
0
0.00439
NaN
0.004479
0.002933
0.006017
0.002876
0
0.006992
NaN
0.003414

Worst
0.003642
0.004718

0.0042
0.004961
0.004286
0.004382
1.002184
0.004234
0.003141
3.582788

NaN
0.004262
0.653119
0.004893
0.005198
0.003536
0.003979
0.004119

NaN
0.004897
3.193843

0.00439

NaN
0.005915
0.004487
0.006017
0.004433
2.472647
0.006992

NaN

0.423125
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Table 7.28 MOFDO, MODA, MOPSO, and NSGA-IIl (MMEFE-12 results).

Benchmarks MMF12
Turns Mean Best Worst Mean Best Worst Mean Best Worst Mean Best Worst

1 0.094034 0.072932 0.283411 0.177184642 0.04918 0.29023 0.033673 0.001752 0.261168 0.394092 0.392732 0.395971
A 0.076136 0.046601 0.187694 0.178265296 0.073143 0.473134 0.022613 0.001437 0.174182 0.133536 0.132508 0.136179
3 0.120569 0.082271 0.284328 0.129550688 0.071434 0.302951 0.046371 0.001123 0.269776 0.264079 0.262824 0.265107
i 0.0784 0.047299 0.287229 0.124929016 0.095559 0.350331 0.038241 0.001798 0.179259 0.134161 0.131929 0.135171
5 0.077388 0.045773 0.219324 0.099253275 0.033209 0.245602 0.03335 0.006019 0.130941 0.523479 0.522468 0.524913
6 0.075586 0.062679 0.200487 0.197062361 0.091518 0.442456 0.0501 0.009072 0.222005 0.393702 0.392688 0.395135
7 0.116129 0.055935 0.262551 0.161447887 0.104063 0.463231 0.022757 0.002591 0.097472 0.394341 0.392945 0.395652
8 0.030482 0.015498 0.411329 0.115018337 0.050533 0.311217 0.039823 0.00518 0.127493 0.263979 0.262746 0.264794
9 0.104052 0.056944 0.238145 0.143105552 0.079706 0.397347 0.03 0.000696 0.198793 0.654038 0.65281 0.655893

0.107935 0.059977 0.215872 0.109540409 0.053583 0.27232 0.040288 0.005734 0.108708 0.394017 0.392876 0.395125

0.07859 0.068541 0.416901 0.124838226 0.066093 0.258645 0.035019 0.005806 0.176225 0.393739 0.392735 0.394334
0.130521 0.053913 0.376515 0.135534275 0.041048 0.295861 0.02525 0.004864 0.120652 0.134049 0.13305 0.135495
0.076668 0.061044 0.346289 0.130177758 0.067829 0.259768 0.041207 0.004022 0.151965 0.26389 0.263035 0.265415
0.088337 0.078889 0.217308 0.156362174 0.065275 0.549595 0.039381 0.003926 0.186498 0.264114 0.262845 0.265186

0.070353 0.048717 0.360934 0.156735583 0.08047 0.29343 0.057203 0.009095 0.219385 0.394164 0.392449 0.395405
0.099676 0.054747 0.31209 0.152562031 0.056602 0.367776 0.024952 0.003744 0.148678 0.26345 0.262417 0.265262
0.073429 0.0486 0.390026 0.134881786 0.09178 0.417213 0.034198 0.000263 0.156604 0.394143 0.393255 0.397056
0.065239 0.040206 0.190702 0.142023949 0.056481 0.354752 0.026605 0.000302 0.105913 0.393721 0.392869 0.395086
0.090947 0.057634 0.339478 0.12038323 0.061567 0.219134 0.024955 0.002464 0.128545 0.134004 0.132787 0.137088
0.05793 0.051355 0.216924 0.119646071 0.040523 0.28409 0.044293 0.00599 0.24599 0.394101 0.393105 0.396219

0.086032 0.051452 0.355322 0.133474694 0.058488 0.295362 0.059517 0.00554 0.292704 0.654134 0.652871 0.655293
0.092846 0.065137 0.310191 0.123385101 0.074917 0.266787 0.033666 0.002695 0.198234 0.134384 0.133202 0.135357
0.060309 0.037635 0.163657 0.133494384 0.093135 0.368435 0.038701 0.000342 0.262557 0.13412 0.132636 0.136076
0.075674 0.059132 0.257473 0.094482676 0.065064 0.164125 0.068022 0.009908 0.220289 0.264505 0.263128 0.265914

0.070957  0.049263 0.56661 0.137206524 0.053773 0411543  0.037474 0.00249 0.18729 0524077  0.522377  0.525003
0.065734  0.054825 0.25985 0.142456675 0.04056 0.419692 0.01815 9.65E-05 0.194494  0.263791 0.26286 0.264667
0.075982  0.048729 0.19559 0.162938244 0.097038 0.530787  0.023093  0.000774 0.109691 0.523958 0523116  0.525614
0.099096  0.088185  0.258773 0.128837398 0.037161 0431913  0.027312  0.003135 0.095122 0.653659  0.652734  0.654464
0.048377  0.039149 0.26883 0.101339597 0.064683 0.230783  0.032196  0.001163 0.342089  0.524113 0521643  0.525416
0.106989  0.059281 0.311158 0.12946231 0.086856 0.280133  0.049927 0.003037 0211948  0.263761  0.262543  0.265429
Mean 0.083147  0.055411 0.290166  0.136519338 0.066709 0341621  0.036611  0.003502 0.184156 0.350643 0349406 352124
STD 0.021728 0.023738586 0.011901 0.16131
P-value 9.63988E-13 1.07E-14 1.32E-12
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Table 7.29 MOFDO, MODA, MOPSO, and NSGA-III (ZDT-1 results).

Benchmarks ‘ ZDT1

Turns Mean Best Worst Mean Best Worst Mean Best Worst Mean Best Worst

1 0.095906 0.000305 2.332651 0.071801 0.044633 0.454482 0.125935 0.007972 1.716367 0.086496 0.02929 0.72583

A 0.150976 0.001932 1.896392 0.090403 0.044618 1.168066 0.147654 0.005232 1.008278 0.064075 0.042738 0.510061
3 0.112966 0.005483 9.020892 0.067558 0.044612 0.326032 0.188652 0.011178 1.488623 0.089566 0.035293 0.283382
4 0.064871 3.70E-05 5.817909 0.075969 0.044987 0.845379 NaN 0.107994 10.63249 0.05981 0.045328 0.747263
) 0.076199 0.003378 3.320255 0.084101 0.044601 1.524927 NaN 0 5.365275 0.090505 0.047708 1.113317
6 0.076848 0.000321 4.063877 0.081037 0.043986 1.893228 NaN 0.005483 0.146394 0.077057 0.043958 0.408467
7 0.049821 0.00016 4.831265 0.074641 0.044666 0.954364 0.078234 0.014952 0.491901 0.065238 0.04156 0.850783
8 0.061922 0.002912 6.26773 0.111134 0.045022 2.067354 NaN 0 3.762881 0.064923 0.043081 0.389522

9 0.030973 0.001159 1.023093 0.069507 0.044577 0.59074 0.53198 0.005315 5.250496 0.060266 0.038642 0.377993
0.12629 9.51E-05 5.49958 0.078496 0.044471 1.238959 1.255884 0.010664 7.795809 0.094819 0.058475 0.266339

0.046288 0.00071 1.223747 0.081194 0.044805 1.382584 0.296814 0.016343 3.481644 0.059168 0.038421 0.253582

0.063513 0.008419 0.913488 0.078018 0.044635 1.325632 NaN 0.005698 1.342221 0.068923 0.043162 0.251063

0.059233 0.001949 0.594096 0.070071 0.044375 0.825328 1.290865 0.00432 4.608374 0.093885 0.031484 2.794284

0.092026 0.003685 2.69787 0.085997 0.044522 2.614217 NaN 0.00444 0.703095 0.086784 0.036175 0.186439

0.068561 0.000408 3.066398 0.073943 0.04365 0.609401 NaN 0 8.221919 0.08031 0.045459 0.163294

0.022768 0.001731 1.184329 0.070866 0.04488 0.999956 0.208869 0.016748 0.739149 0.073511 0.034865 1.54402

0.041898 3.53E-05 0.455089 0.074317 0.044741 1.044855 NaN 0 5.381639 0.095419 0.038975 0.214632
0.055883 0.002756 0.718342 0.068519 0.044556 0.521133 NaN 0 2.891242 0.081922 0.044517 0.457868
0.00976 0.000101 0.253659 0.077176 0.044856 1.629952 1.537413 0.017998 7.504958 0.059562 0.036238 0.209232
0.065845 0.000581 0.671035 0.083594 0.044893 1.417402 0.235266 0.043783 2.768782 0.055525 0.043146 0.282797

0.09016 0.003892 2.7548 0.072895 0.044463 0.572484 NaN 0.003918 2.453508 0.07075 0.043135 0.344303

0.058417 0.000225 0.995189 0.079486 0.045074 1.32006 NaN 0 12.98886 0.069574 0.040521 0.612493
0.06267 9.28E-05 0.654582 0.082817 0.044914 0.704814 0.473829 0.018586 3.317437 0.075923 0.042492 0.570781
0.062653 0.000428 5.215003 0.080058 0.044726 1.410369 0.441546 0.008306 3.28092 0.085008 0.046063 1.720382
0.090314 0.001165 1.165902 0.077587 0.045118 0.827646 0.122661 0.007846 0.383681 0.077705 0.04069 0.528092
0.087982 4.45E-05 4.854654 0.068981 0.044679 0.596138 0.435321 0.023729 1.620827 0.073477 0.057296 0.663251

0.018243 0.002306 0.22163 0.073862 0.043947 0.423517 NaN 0.004306 0.732666 0.072767 0.043685 0.29726
0.087896 0.011213 1.041551 0.092138 0.044167 1.613036 1.432437 0.013658 7.774643 0.088803 0.035271 0.221892

0.056473 0.000134 4.426559 0.08334 0.044324 2.467209 NaN 0.020463 2.038046 0.08901 0.038894 0.21126

0.040068 6.15E-05 1.278431 0.073511 0.044789 0.983175 0.13864 0.024418 0.878968 0.085242 0.056189 0.619615

Mean 0.067581 0.001857 2.615333 0.078434 0.04461 1.145081 0.526 0.013445 3.69237 0.076534 0.042092 0.593983

STD 0.030912 0.008848 0.509184 0.012072
P-value 0.069585 1.06E-05 0.144885

102



Appendix

Table 7.30 MOFDO, MODA, MOPSO, and NSGA-III (ZDT-2 results).

Benchmarks ZDT2
Turns Mean Best Worst Mean Best Worst Mean Best Worst Mean Best Worst

1 0.033001 0.019219 0.041957 0.032342 0.021137 0.060411 0.003166 6.91E-05 0.014258 0.155678 0.098433 0.095336
A 0.03874 0.020394 0.044328 0.030932 0.021395 0.072878 0.002821 0.000112 0.018962 0.533972 0.463916 0.461206
3 0.035094 0.019822 0.049258 0.032884 0.020885 0.064323 0.002859 0.000425 0.012101 0.12373 0.062266 0.059831
4 0.027452 0.018329 0.041983 0.032064 0.019625 0.073347 0.002713 0.000141 0.008126 0.215951 0.145316 0.142744
) 0.032822 0.021326 0.047888 0.032924 0.021424 0.061667 0.002964 8.49E-05 0.014985 0.126019 0.067316 0.064437
6 0.029899 0.021921 0.054927 0.034001 0.019954 0.06915 0.002544 0.000564 0.006819 0.120794 0.054188 0.052207
7 0.037473 0.020897 0.052816 0.031557 0.021523 0.049681 0.00285 8.45E-05 0.008382 0.102659 0.055827 0.053062
8 0.039427 0.01933 0.049686 0.033401 0.021098 0.068928 0.002994 0.00034 0.009266 1.134137 1.068203 1.065549
9 0.037528 0.021745 0.072632 0.032365 0.020979 0.060105 0.003422 0.000222 0.011881 0.090752 0.03407 0.030869

0.030391 0.019632 0.042778 0.032899 0.021128 0.061636 0.002586 0.000687 0.017691 0.08633 0.02728 0.025381

0.037504 0.024494 0.04934 0.033853 0.021291 0.064845 0.003033 7.99E-05 0.016146 0.111973 0.050161 0.047207

0.043167 0.026227 0.060016 0.032007 0.019578 0.06444 0.00257 0.000707 0.006514 0.15742 0.095551 0.093688

0.033336 0.019408 0.057537 0.032948 0.020716 0.07391 0.003389 0.000254 0.010456 0.097715 0.027194 0.024059

0.035647 0.019791 0.043864 0.030753 0.022147 0.071175 0.002801 0.000152 0.007484 0.111291 0.042918 0.040269
0.029719 0.019366 0.040186 0.032429 0.021675 0.063516 0.002746 0.000623 0.016966 0.137896 0.077127 0.075004
0.036384 0.027513 0.065836 0.031976 0.02098 0.071421 0.003482 0.000138 0.013174 1.165827 1.097888 1.094544
0.038633 0.024547 0.042021 0.033391 0.021605 0.062317 0.002841 0.000166 0.006626 0.096229 0.036753 0.034078
0.035078 0.020959 0.045873 0.032547 0.020829 0.052128 0.002744 0.000174 0.009272 0.264213 0.214829 0.212259

0.030438 0.018358 0.053865 0.031508 0.020921 0.0684 0.002629 0.000918 0.005001 1.091015 1.025245 1.023533
0.039939 0.01976 0.064585 0.030111 0.021561 0.07217 0.003216 7.63E-05 0.012937 0.128137 0.059183 0.056044
0.035261 0.021004 0.04544 0.03247 0.021229 0.070549 0.002611 0.000412 0.022713 0.205 0.137062 0.134863
0.034703 0.021778 0.057045 0.03236 0.022647 0.066693 0.002733 0.000125 0.010321 0.515002 0.451041 0.448433
0.036676 0.020868 0.049758 0.032903 0.021205 0.082562 0.00278 8.34E-05 0.009552 7.101404 7.021622 7.018925
0.035474 0.020001 0.061188 0.032202 0.021478 0.082969 0.003076 5.41E-05 0.009422 0.216802 0.13691 0.133888
0.028154 0.020662 0.043307 0.032804 0.02136 0.073525 0.003025 7.76E-05 0.010176 0.270743 0.200243 0.197295
0.036825 0.018876 0.045834 0.032352 0.021202 0.068492 0.003204 0.000113 0.01489 0.427387 0.362099 0.359009
0.033602 0.017292 0.046355 0.032222 0.020832 0.075538 0.002709 0.000345 0.010984 0.147257 0.074427 0.072063
0.037918 0.020269 0.063828 0.032379 0.021959 0.083193 0.003032 0.000112 0.007913 3.401023 3.320862 3.317941
0.042966 0.020801 0.058205 0.034573 0.021763 0.075649 0.003142 3.25E-05 0.013918 0.125954 0.053448 0.050338
0.030081 0.019049 0.055548 0.03198 0.021908 0.060392 0.00311 0.000129 0.011774 0.632812 0.57553 0.572549
Mean 0.035111 0.020788 0.051596 0.032438 0.021201 0.0682 0.002926 0.00025 0.011624 0.636504 0.57123 0.568554
STD 0.004045 0.000931 0.00026 1.38126
P-value 0.000828 5.74E-46 0.020381
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Table 7.31 MOFDO, MODA, MOPSO, and NSGA-I1I (ZDT-3 results).

Benchmarks ‘ ZDT3

Turns Mean Best Worst Mean Best Worst Mean Best Worst Mean Best Worst

i 0.062276 0.005397 1.638356 0.085318 0.045134 2.357094 0.122092 0.120732 0.123971 0.054882 0.045501 0.171901

2 0.042995 0.000532 0.707233 0.067135 0.044257 0.361286 0.239536 0.238508 0.242179 0.055465 0.043476 0.31941

3 0.082922 0.003137 1.041326 0.077204 0.041186 0.871293 0.299079 0.297824 0.300107 0.078674 0.041709 0.265703

4 0.080187 0.000927 0.901428 0.071086 0.04429 0.917109 0.299161 0.296929 0.300171 0.07959 0.047118 0.327203

5 0.084004 0.001264 2.182243 0.077358 0.04453 0.664552 0.239479 0.238468 0.240913 0.074442 0.044708 0.839044

6 0.087514 0.012478 2.574528 0.068958 0.044622 0.518438 0.298702 0.297688 0.300135 0.064073 0.037728 2.801742

7 0.033804 0.001044 0.489138 0.074615 0.044206 0.810917 0.299341 0.297945 0.300652 0.096792 0.040271 1.214681

8 0.047873 3.05E-05 0.609472 0.082693 0.044119 0.857704 0.180979 0.179746 0.181794 0.099995 0.036202 3.119884

9 0.075602 6.59E-05 6.830801 0.076954 0.044206 0.749217 0.122038 0.12081 0.123893 0.054245 0.039564 0.214655

0.086877 0.001962 2.14927 0.076421 0.044414 0.653783 0.181017 0.179876 0.182125 0.073252 0.04088 0.370338

0.07515 7.79E-05 4.643909 0.090015 0.044676 1.015118 0.239739 0.238735 0.240334 0.06996 0.042678 0.560836

0.069194 0.001464 3.068494 0.088406 0.04526 2.867498 0.063049 0.06205 0.064495 0.079971 0.025527 1.183478

0.02444 0.000166 0.823825 0.080483 0.044927 1.6188 0.23989 0.239035 0.241415 0.093702 0.041853 0.28572

0.028535 0.001213 1.083881 0.077132 0.045018 1.217994 0.181114 0.179845 0.182186 0.051946 0.035095 0.422097

0.074316 0.0007 1.47028 0.073251 0.04485 0.464276 0.240164 0.238449 0.241405 0.071451 0.035712 0.186248

0.105943 0.000526 5.081081 0.074951 0.044144 0.442124 0.23945 0.238417 0.241262 0.074204 0.046066 0.820638

0.072504 0.000391 6.67632 0.073677 0.041744 0.817704 0.063143 0.062255 0.066056 0.069258 0.045247 0.241254

0.059607 0.000419 2.027879 0.072099 0.04384 1.024658 0.121721 0.120869 0.123086 0.105552 0.03808 2.894187

0.057569 0.000661 0.14492 0.078266 0.045584 0.639641 0.181004 0.179787 0.184088 0.086095 0.046741 2.021603

0.095927 0.003441 3.908949 0.074714 0.045086 0.555842 0.240101 0.239105 0.242219 0.057035 0.042088 0.148421

0.086174 9.72E-05 0.366441 0.070516 0.044553 0.39429 0.299134 0.297871 0.300293 0.06682 0.033098 0.724456

0.051627 5.79E-05 0.208771 0.081296 0.042891 0.875057 0.299384 0.298202 0.300357 0.072158 0.040466 0.542876

0.088098 0.000412 0.746823 0.078904 0.045251 2.09277 0.06312 0.061636 0.065076 0.077414 0.037243 0.188142

0.033568 0.001909 0.468259 0.088158 0.044509 1.559797 0.240505 0.239128 0.241914 0.092328 0.037597 1.073395

0.048982 6.05E-05 1.021408 0.078389 0 1.509653 0.122077 0.120377 0.123003 0.089554 0.041122 0.496605

0.099393 0.00192 2.301644 0.073405 0.043275 0.984219 0.121791 0.12086 0.122667 0.073132 0.039082 0.215847

0.035959 7.80E-05 1.039951 0.073121 0.043701 0.973632 0.062958 0.062116 0.064614 0.070867 0.03952 0.247191

0.110529 0.001823 7.889509 0.078651 0.044762 0.682168 0.239659 0.238734 0.240464 0.093977 0.042904 0.67443

0.046344 0.000115 3.568416 0.085264 0.044215 1.191244 0.181113 0.178643 0.182416 0.077429 0.034621 0.912832

0.054982 0.001136 0.954705 0.079206 0.044565 1.377525 0.121761 0.120543 0.123429 0.091838 0.043635 1.316867

Mean 0.066763 0.00145 2.220642 0.077588 0.042794 1.035513 0.194743 0.193506 0.196224 0.076537 0.040184 0.826723
STD 0.023914 0.005755 0.080044 0.014412
P-value 0.019119 1.36E-11 0.060132
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Table 7.32 MOFDO, MODA, MOPSO, and NSGA-III (ZDT-4 results).

Benchmarks

ZDT4

Turns

O 00 N O ULl b WN

Mean
STD

P-value

Mean

0.501608

0.57568
0.719838
0.561183
0.562553
0.462736

3.82E-01
0.371716
0.628182
0.799466
1.679996
0.649062

3.96E-01
0.464708
1.390486
0.398058
0.763934
0.431924

3.94E-01
0.505436
1.180564
0.427927
0.602405
0.562379
0.958548
0.596267
1.64E+00
0.733705

0.47481
0.587943

0.680202
0.352945

Best

0.263502
0.236016
0.347964
0.251296
0.225969
0.234685
0.255803
0.255869
0.223411
0.253323
0.374775
0.265265
0.248385
0.205478
0.294857
0.195501
0.226435

0.25242
0.241733

0.21529
0.414899
0.247604
0.248651
0.270772
0.314042
0.251145
0.389742
0.367987
0.244438
0.222729

0.267999

Worst

1.193981
1.134353
1.579042
1.063522
1.200403
1.139921
1.124358
0.704552
1.006202
1.616551
2.499869
2.155388

1.48691
1.022592
2.836018
0.918248

3.20023
3.680553
1.193421
0.708872
1.767307
3.977259

1.70872
1.303488

1.95301
1.031952
3.539831
1.633678
0.992227
0.956471

1.677631

Mean

0.425684
0.444503
0.442059
0.559633
0.454693
0.52844
0.448792
0.474109
0.407769
0.373616
0.415407
0.41576
0.49651
0.482048
0.437069
0.529921
0.472243
0.396768
0.480982
0.449051
0.453047
0.485769
0.444641
0.445717
0.399203
0.485757
0.589466
0.495321
0.461552
0.457132
0.461755
0.047786
0.001386

Best

0.256286
0.253738
0.254349

0.24948
0.250487
0.249087

0.25067
0.248197
0.251594
0.254281
0.252731
0.255985
0.219284
0.250662
0.255783
0.254687
0.255312
0.247864
0.257917
0.253311
0.254782
0.251091
0.253524
0.233212
0.257333

0.25877

0.25511
0.256305
0.254022
0.249232
0.251503
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Worst

2.993125
4.807117
3.970729
10.82849
2.836659
7.161605
10.23314
4.068897
3.97219
1.389945
2.391366
4.344767
8.617647
5.062121
5.697825
8.537481
2.344645
1.995582
4.503863
4.090232
3.143242
6.489652
7.884768
6.94077
1.526915
4.094758
13.38893
3.418142
6.288041
1.784249
5.16023

Mean

0.444092
0.443536
1.104079
0.664161
0.663479
0.663702
0.664341
1.103979
0.884038
0.444017
0.883739
0.664049
0.88389
0.884114
0.224164
1.10345
0.884143
0.223721
1.104004
1.104101
0.444134
1.104384
0.44412
0.884505
0.664077
1.103791
0.223958
1.103659
0.224113
0.883761
0.73731
0.307518
0.506665

Best

0.442732
0.442508
1.102824
0.661929
0.662468
0.662688
0.662945
1.102746

0.88281
0.442876
0.882735

0.66305
0.883035
0.882845
0.222449
1.102417
0.883255
0.222869
1.102787
1.103105
0.442871
1.103202
0.442636
0.883128
0.662377

1.10286
0.223116
1.102734
0.221643
0.882543
0.736073

Worst

0.445971
0.446179
1.105107
0.665171
0.664913
0.665135
0.665652
1.104794
0.885893
0.445125
0.884334
0.665495
0.885415
0.885186
0.225405
1.105262
0.887056
0.225086
1.107088
1.106219
0.445293
1.105357
0.446076
0.885914
0.665003
1.104667
0.225614
1.104464
0.225416
0.885429
0.738791

Mean

69.56207
62.88423
67.07025

65.5532
64.33402
63.34068
67.11351
65.87016
58.62504
61.88936
66.58221
68.89694
63.30141
62.24437
61.06805
67.09614
66.05687
68.66719
62.93178
61.24712
67.16612
61.52138
67.25835

62.6597
68.78317
63.43928

67.9857
62.36858
66.54766
66.81991

64.96281
2.847807
9.07E-72

Best
51.81152
51.17447
51.18764
51.30849
51.27346
51.80189
51.15887
51.17335
51.44762
51.23744
51.18319
57.16953
51.82974
51.43052
51.55192
51.12355
51.88529
51.22492
51.15103
51.18291
51.16149
51.19177
51.85532
51.22099
51.26081
51.24429
51.30341
51.13545

51.81577

56.7717

51.74228

Worst
730.2351
429.2433
867.5366
505.4544
581.0313
832.598
329.8522
447.4578
472.5677
361.3001
485.125
455.3356
492.2761
370.2326
510.0294
538.885
341.8472
382.9895
639.0773
438.7137
547.431
559.2781
464.4187
594.6946
612.1739
415.8264
488.885
478.0794
302.73

352.8466

500.9384
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Table 7.33 MOFDO, MODA, MOPSO, and NSGA-III (ZDT-5 results).

Benchmarks ‘ ZDT5

Turns Mean Best Worst Mean Best Worst Mean Best Worst Mean Best Worst

1 0.480168 0.190596 1.427909 0.499046 0.036241 2.576891 0.604092 0.602732 0.605971 0.112033 0.007839 2.100606

2 0.57938 0.1279 2.457694 0.145476 0.036549 2.552476 0.603536 0.602508 0.606179 0.108315 0.020551 1.99456

3 0.205416 0.038228 1.104134 0.322771 0.054003 2.278078 0.604079 0.602824 0.605107 0.109166 0.009391 2.835237

4 0.393651 0 1.536738 0.134451 0.036701 2.520962 1.004161 1.001929 1.005171 0.103016 0.006414 1.692453

5 0.40683 0.113574 0.876059 0.235293 0.036516 2.994643 0.603479 0.602468 0.604913 0.130759 0.011025 3.523593

6 0.200343 0 4.591367 0.221375 0.050156 3.11805 1.003702 1.002688 1.005135 0.104512 0.017099 1.626087

7 0.336076 0.190053 1.327961 0.330377 0.043771 1.98616 0.404341 0.402945 0.405652 0.170398 0.012688 9.714147

8 0.387506 0 2.567574 0.590118 0.10737 2.399428 0.603979 0.602746 0.604794 0.103808 0.008103 1.297161

9 0.475818 0 1.959065 0.259405 0.04547 1.245033 1.004038 1.00281 1.005893 0.098503 0.0071 2.108973

0.109184 0 1.457939 0.433312 0.058863 1.689852 0.804017 0.802876 0.805125 0.111479 0.014514 2.660849

0.5144 0.354545 1.8109 0.164872 0.036504 1.355011 0.403739 0.402735 0.404334 0.127771 0.014863 2.785708

0.249614 0.139415 1.02249 0.108415 0.036539 2.449236 0.204049 0.20305 0.205495 0.099884 0.009512 1.244873

0.305578 0.135119 1.365795 0.185479 0.03653 1.722728 0.60389 0.603035 0.605415 0.112987 0.002301 4.247754

0.626523 0.269135 1.272013 0.135493 0.036319 2.694618 0.404114 0.402845 0.405186 0.101936 0.007343 1.305113

0.223152 0.029184 1.439839 0.157949 0.03688 2.167788 0.804164 0.802449 0.805405 0.123335 0.026862 1.873972

0.407833 0.203217 1.919709 0.25792 0.036739 2.373885 0.60345 0.602417 0.605262 0.099074 0.014627 1.151438

0.246713 0.105355 1.913232 0.204248 0.036864 2.021944 1.004143 1.003255 1.007056 0.119419 0.038112 2.983925

0.215622 0.06061 1.491514 0.334494 0.037042 2.130911 0.403721 0.402869 0.405086 0.094862 0.034177 2.061569

0.617568 0.225525 2.538779 0.51264 0.046499 2.270001 1.004004 1.002787 1.007088 0.100043 0.009788 2.214823

0.105095 0 1.210132 0.113914 0.03665 2.258108 0.804101 0.803105 0.806219 0.116883 0.022804 3.037678

0.320182 0.209767 1.63322 0.170936 0.037043 2.356589 0.404134 0.402871 0.405293 0.153999 0.006732 2.194439

0.38528 0.168285 3.730247 0.33345 0.064163 2.010273 0.604384 0.603202 0.605357 0.10001 0.035675 1.532359

0.638474 0.370005 2.471775 0.193567 0.03675 3.181097 0.80412 0.802636 0.806076 0.133204 0.007273 1.942145

0.553181 0.094761 2.132204 0.176554 0.038675 1.817086 0.404505 0.403128 0.405914 0.09677 0.007051 1.487705

0.510341 0.278164 1.240521 0.544334 0.118778 2.139262 0.804077 0.802377 0.805003 0.124899 0.048183 2.352479

0.392351 0.095336 1.288716 0.301917 0.047013 2.43419 0.403791 0.40286 0.404667 0.096677 0.000551 1.332485

0.104897 0.018205 5.893423 0.140048 0.036724 2.030647 1.003958 1.003116 1.005614 0.141929 0.011144 3.221339

0.272818 0.136391 1.37289 0.208877 0.036599 1.807486 0.803659 0.802734 0.804464 0.094169 0.000809 2.150296

0.370307 0.093242 1.188437 0.225486 0.056177 1.335736 0.404113 0.401643 0.405416 0.110967 0.016264 1.829411

0.121823 0.018277 1.134968 0.416484 0.052168 1.766127 0.803761 0.802543 0.805429 0.104036 0.000134 1.312063

Mean 0.358538 0.122163 1.912575 0.268623 0.046876 2.189477 0.663977 0.662739 0.665457 0.113495 0.014298 2.393841
STD 0.161795 0.136599 0.235755 0.018271
P-value 0.023547 2.4E-07 2.4E-11
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